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Abstract 
 

This paper presents geometric invariants of points 
and their applications under central catadioptric 
camera model. Although the image has severe 
distortions under the model, we establish some 
accurate projective geometric invariants of scene 
points and their image points. These invariants, being 
functions of principal point, are useful, from which a 
method for calibrating the camera principal point and 
a method for recovering planar scene structures are 
proposed. The main advantage of using these 
invariants for plane reconstruction is that neither 
camera motion nor the intrinsic parameters, except for 
the principal point, is needed. The theoretical 
correctness of the established invariants and 
robustness of the proposed methods are demonstrated 
by experiments. In addition, our results are found to be 
applicable to some more general camera models other 
than the catadioptric one. 
 
1. Introduction 
 

Catadioptric cameras are devices of conventional 
cameras combined with mirrors. As they have a large 
field of view, the catadioptric cameras have been 
widely used in surveillance, robot navigation and 
visualization. 

Since Nayar [15] reported the catadioptric camera 
systems with a single viewpoint constraint in 1997, 
more and more attentions have been paid to this kind 
of omnidirectional camera models. Many geometric 
properties and methods for camera calibration and 3D 
reconstruction under the catadioptric models have been 
reported [1-10, 13-15, 17-20]. Geyer and Daniilidis [8] 
proposed a unified model for the devices with 
parabolic, elliptic, hyperbolic, and planar mirrors, 
which is equivalent to a two-step mapping through a 
sphere. This unified model can let us develop 
systematic theories for all these devices together 
conveniently. 

Notice that in the past the entity of lines [3, 4, 7, 8, 
9, 10, 20] has attracted more attentions than the entity 
of points [1, 13, 14] under the catadioptric cameras. 
We think further studies on points are needed because 
point is the most basic geometric feature. We will 
focus on investigating some geometric invariants of 
points in this paper. This is also motivated by the 
importance of geometric invariants in computer vision, 
which has been extensively shown under the 
perspective camera. However, due to the severe 
distortions of the view and the nonlinearity of the 
imaging process under the catadioptric cameras, the 
usual projective geometric properties are not preserved 
and the well-established theories under the perspective 
camera model cannot be applied. 

The main contributions of this paper are two-fold: 
1): The invariant equations for 1D, 2D and 3D 

space points are established via cross ratios of space 
points and the optical axis. These equations are 
invariant under the projective transformations of 
world coordinate system and image coordinate 
system. Although our invariant equations are 
derived from the central catadioptric model, they 
are in fact valid for a more general model as: The 
locus of optical centers lies on a segment of the 
optical axis rather than a single viewpoint and with 
only radial distortion. 

2): The established invariant equations are applied 
to calibrating the camera principal point from 1D 
space points and to reconstructing a plane from at 
least five points and found to be effective. The 
proposed method for a plane reconstruction is an 
extension of the triangulation under a perspective 
camera [11].  
Before starting our main work, we would like to 

point out: The established invariant equations vanish 
under the perspective model without distortion. This 
is because under the perspective camera, these 
equations become identities if the optical axis is 
replaced with an arbitrary space line. It follows that 
the principal point is not the unique point subject to 
the constraints and so cannot be determined. 
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The organization of the paper is as follows: Next 
section lists some preliminaries; the invariant 
equations are given in Section 3. Section 4 reports the 
invariant-based principal point calibration and plane 
reconstruction. Experiments are performed in Section 
5, and Section 6 is some conclusions. 
 
2. Preliminaries 
 

A bold number or bold letter denotes a vector or 
homogeneous coordinates.  

A pencil of lines is a set of lines through a fixed 
point. The fixed point is called the vertex of the pencil. 
For a pencil of four coplanar lines, a projective 
geometric invariant (a cross ratio) can be computed 
from 1D line-coordinates of these lines. This cross 
ratio is also equal to the cross ratio of the four 
intersecting points of a line with the four lines of this 
pencil [16]. 

A pencil of planes is a set of planes in space 
through a fixed line, and the fixed line is called the axis 
of the pencil. Similarly, there is a cross ratio from a 
pencil of four planes. This cross ratio is equal to the 
cross ratio of four intersecting lines of a space plane 
with the planes of the pencil. It is also equal to the 
cross ratio of the four intersecting points of a space line 
with the four planes of the pencil. [16]. 

We use the following notations: 

 
 
 
 
 
 
 
 
 
 
 

Figure 1. The imaging process under the 
central catadioptric model 

 
The central catadioptric model is an equivalent 

spherical projection defined by Geyer and Daniilidis 
[8] as shown in Figure 1. We briefly recall this model 
here. A space point M  is projected to a point X  on 

the viewing sphere through the sphere center O , and 
then projected to m  on the image plane through the 
camera viewpoint cO . Let l  be the distance from O  to 

cO , then the mathematical equations describing this 
imaging process involve camera intrinsic parameters, 
camera motion parameters, and l . The camera optical 
axis is the line cOO . The mirror used in this model is a 
paraboloid if 1=l , an ellipsoid or hyperboloid if 

10 << l , and a plane if 0=l . The details can be 
found in [8]. 

 
3. Geometric invariants of scene points and 
image points 
 

Let 4321 ,,,  be four points in space, im , 4..1=i  
be their image points, 0m  the principal point of the 
camera, i.e. the intersection of the optical axis cOO  
with the image plane. 

 
3.1. Invariant equation from 1D scene points 
 

 
 
 
 
 
 
 

 
 
 
Figure 2. Equality of the cross ratio of 4321 ,,,  

and the cross ratio of ),,,( 43210 mmmmm  
 

If 4321 ,,,  are collinear, and without confusion, 
they are also used for their 1D homogeneous 
coordinates, then there is: 
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]][[
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mmmmmm

1423
2413 = .          (1) 

The left side of (1) is the cross ratio of 4321 ,,, , the 
right side of (1) is the cross ratio of the pencil of lines 

),,,( 43210 mmmmm . The equation (1) means that the 
two cross ratios are equal. This is because: As shown 
in Figure 2, each space point i  and its image point im  
are coplanar with the optical axis cOO , therefore, the 
intersections of the pencil of planes ),,,( 4321OO c  
with the image plane is the pencil of lines 

),,,( 43210 mmmmm , so the cross ratio of 
),,,( 43210 mmmmm  is equal to the cross ratio of 

),,,( 4321OO c . Moreover, the cross ratio of 
),,,( 4321OO c  is equal to the cross ratio of 4321 ,,,  

since 4321 ,,,  are collinear. Thus, (1) is true. 

][  (a bracket): the determinant of vectors in it 

AB (not in a bracket): the line through A  and B  
),,,( FEDCA : the pencil of lines with A  as 

the vertex and through C , D , 
E , F  

),,,( FEDCAB : the pencil of planes with AB  
as the axis and through C , D , 
E , F  
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Consider the correspondences i'm , 4..1=i  of im , 
4..1=i  in another view, we also have: 
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where 0'm  is the principal point of the second view. 
Therefore, the following invariant equation holds from 
two views: 
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This means that there is a homography between 
),,,( 43210 mmmmm and )',',','(' 43210 mmmmm . 

The equations (1) and (2) can be extended to 
coplanar scene lines by considering the intersection 
points of these lines and considering the images of the 
intersection points. 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 3. 0m  and all im  are collinear when the 

line through 4321 ,,,  are coplanar with cOO  
 

Degeneracy: If the line passing through 4321 ,,,  is 
coplanar with the camera optical axis cOO , the images 

im , 4..1=i  will be collinear in the image plane, as 
shown in Figure 3. At the time, the pencil of planes 

),,,( 4321OO c  becomes coincident, (1) no longer 
holds. But, we still have another constraint on 0m , i.e., 

0m  and all im , 4..1=i  are collinear. It should be 
noted that although im , 4..1=i  are collinear and 

4321 ,,,  are collinear, the cross ratio of 
4321 ,,, mmmm  is in general not equal to the cross ratio 

of 4321 ,,, . The two cross ratios are equal if and only 
if O , cO , 1X , 2X , 3X , 4X  are con-conic. Because 
by Chasles's Theorem [16] the necessary and sufficient 
condition that O , cO , 1X , 2X , 3X , 4X  are con-conic 
is that the cross ratio of ),,,( 4321 XXXXO  is equal to 
the cross ratio of ),,,( 4321 XXXXO c , where the cross 
ratio of ),,,( 4321 XXXXO  is equal to the cross ratio of 

4321 ,,, , and the cross ratio of ),,,( 4321 XXXXO c  is 
equal to the cross ratio of 4321 ,,, mmmm . 
 
3.2.  Invariant equation from 2D scene points 

 
If 4321 ,,,  are noncollinear, the invariant equation 

(1) no longer holds. But, we still have equations on 
some invariants of scene points and their image points. 
We consider the case that space points 4321 ,,, , also 
used as their 2D homogeneous coordinates, are 
coplanar. The base plane of these points is denoted 
as π , and the intersection point of π  with the optical 
axis cOO  is denoted as 0M , as shown in Figure 4. Then 
the invariant equation can be established via 0M  as: 
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14M23M
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= .     (3) 

This equation means that the cross ratio of the pencil of 
lines ),,,(0 4321M  is equal to the cross ratio of the 
pencil of lines ),,,( 43210 mmmmm . The reason is as 
follows. As shown in Figure 4, the space plane π  
intersects with the pencil of planes ),,,( 4321OO c  at 
the pencil of lines ),,,(0 4321M , and the image plane 
intersects with the pencil of planes ),,,( 4321OO c  at 
the pencil of lines ),,,( 43210 mmmmm . Therefore, the 
two cross ratios of ),,,(0 4321M  and ),,,( 43210 mmmmm  
are both equal to the cross ratio of the pencil of planes 

),,,( 4321OO c . So, (3) is true. 
 

 

 

 

 

 

 

 

 
Figure 4. Equality of the two cross ratios of 

),,,(0 4321M  and ),,,( 43210 mmmmm  
 
Let '

0M  be the intersection point of the optical axis 
of the second camera with π . If '

00 MM = , (2) still 
holds in the 2D case. Otherwise, (2) no longer holds in 
the 2D case. 

Degeneracy: If the plane containing 4321 ,,,  is 
coplanar with the camera optical axis cOO , then the 
images im , 4..1=i  will be collinear in the image 
plane, see Figure 5. At the time, the pencil of planes 

),,,( 4321OO c  becomes coincident, (3) no longer 
holds. But, we still have another constraint on 0m , i.e., 

0m  and all im , 4..1=i  are collinear as shown in 
Figure 5. 
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Figure 5. 0m  and all im , 4..1=i  are collinear 

when the plane containing 4321 ,,,  are 
coplanar with cOO  

 
3.3.  Invariant equation from 3D scene points 

 
If 4321 ,,,  are neither collinear nor coplanar, (1), 

(2) and  (3) no longer hold. The invariant equation for 
the 3D scene points is: 
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where 4321 ,,,  are 3D homogeneous coordinates, the 
left side is the cross ratio of ),,,( 4321OO c , and the 
right side is the cross ratio of ),,,( 43210 mmmmm . (4) is 
useful for 3D reconstruction by solving the optical axis 

cOO  and for object recognition by eliminating the 
optical axis cOO . Due to the space limit, further 
discussions on the 3D case are omitted.  
 

Extension of the invariant equations to more 
general camera models: The derivations of the above 
invariant equations (1), (2), (3), (4) and the degenerate 
discussions are based on the camera model defined by 
Geyer and Daniilidis [8], where camera optical center 

cO  is a single point. In fact, the condition that cO  is a 
single point is not strictly required. If the locus of cO  
is a line segment on the optical axis and image points 
have only radial distortion, the above invariant 
equations still hold because for such a model, the 
required condition that cOO , im  and its corresponding 
space point i  are coplanar is also satisfied. Thus, 
perspective camera with only radial distortion or some 
kind of fisheye cameras can use the results of this 
paper directly. 

Under the perspective camera, if the view has no 
distortion, the above invariant equations vanish. This is 
because if an arbitrary space line substitutes for cOO  
and if the intersection points of this space line with the 
image plane and with the scene plane substitutes for 

0m , 0M , these equations are still holds. Therefore, 
( cOO , 0m , 0M ) is not the unique entity subject to the 
constraints. 

 
4. Calibration and reconstruction from 
geometric invariants of points 
 

The above-established invariant equations in 
Section 3 find their applications in camera calibration, 
image matching, 3D reconstruction, and object 
recognition under catadioptric cameras. Two 
applications are presented below. The advantages of 
our methods on calibration and reconstruction are at 
least two-fold: Firstly, it is simple using the geometric 
invariants; secondly, we can recover directly the scene 
structure without prior camera pose determination and 
distortion correction. 

 
4.1. Calibrating principal point from 1D 
objects 
 

Let S  be a set of quadruplets of collinear scene 
points. The steps to calibrate the principal point 0m  
from these quadruplets and their images are: 

Take each quadruplet from S , and denote its 
elements as 4321 ,,, , and the corresponding image 
points as im , 4..1=i .   
Step 1. Set up invariant equations on 0m .  

Case (i): When im , 4..1=i  are noncollinear and the 
structure of 4321 ,,,  is known 

From a single view, we have the following quadric 
constraint on 0m  by (1): 

0]][][][[
]][][][[
041032

042031
=− mmmmmm2413

mmmmmm1423 , 

where 0m  is unknown with two elements. 
Case (ii): When im , 4..1=i  are noncollinear and 

the structure of 4321 ,,,  is unknown 
From two views, we have the following constraint 

on the principal points 00 ',mm  as: 

0]''']['''][][[
]''']['''][][[
042031041032

041032042031
=− mmmmmmmmmmmm

mmmmmmmmmmmm  

If 00 'mm ≠ , 0m  and 0'm  can be determined from at 
least four such constraints. We consider 00 'mm =  in 
the next. 

Case (iii): When im , 4..1=i  are collinear 
At the time, the structure of 4321 ,,,  is not required 

to be known, and im , 4..1=i  are collinear with 0m . 
From a single view, we set up a constraint on 0m  as:  

00 =mlT , 
where l  is the extracted line-coordinates of the line 
through im , 4..1=i . 
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By repeating the above process, we set up all 
invariant equations on 0m  from all quadruplets in S . 
In order to determine 0m  uniquely, at least two 
quadruplets are required. 
Step 2. Solve the equations in Step 1 for 

Tyx )1(0 =m and take the result as the initial value of 
0m . Two cases are discussed below. 
Case (a): If there are just two quadruplets in S , we 

obtain two equations on 0m . Solve the equations and 
choose the real solution close to the center of the view 
as the initial value of 0m . 

Case (b): If more than two linear equations on 0m  
are available, SVD approach is used. If more than two 
quadric equations on 0m  are available, we construct a 
matrix, whose each row is the coefficients of 2x , xy , 

2y , x , y , 1  of each equation, then a more robust 
SVD-like approach is used. Otherwise, from the 
equations Groebner basis method is used to obtain 
lower order univariate equations and then SVD-like 
approach is engaged. The details are omitted due to the 
space limit. 
Step 3. Do post-optimization for 0m  by the 
Levenberg-Marquadt algorithm. The cost function is 
the sum of the residual squares in the above equations 
of Step 1 for all possible quadruplets. 

 
4.2.  Direct reconstruction of plane structure 

 
Let π  be a scene plane noncoplanar with camera 

optical axes, and 54321 ,,,,  five known points on π , 
also used to denote their 2D homogeneous coordinates. 
Then without correcting distortions and calibrating 
other camera parameters except for the principal point, 
we can recover the whole structure of π  from two 
views. The process is as follows and is shown in 
Figure 6, where X  is a point of π  to be reconstructed. 
Step 1. Calibrate the principal points 0m , 0'm  in the 
two views, for example by the method in Section 4.1, 
or those of [3, 7, 9]. 
Step 2. Find out the intersection points 0M , 0'M  of the 
two camera optical axes with the scene plane π .  

Choose four points hkji ,,,  from 54321 ,,,, , then 
from (3), we have: 
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where only 0M  is unknown. We set up all such 
equations from four points out of 54321 ,,,, . Among 
these equations, only two are independent, from which 

0M  can be determined uniquely and linearly by 
polynomial elimination and factorization. The detail is 

omitted due to the space limit. Similarly, 0'M  can be 
determined. 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6. The process to recover the 

structure of a plane 

Step 3. Let xm , x'm  be the corresponding image 
points in the two views of the scene point X . 
Reconstruct the two lines xmm 0 , x''0 mm  on π , the 
results are denoted as L , 'L , see Figure 6. 

For X  and for kji ,,  out of 54321 ,,,, , from (3) 
there is: 

,0][][
]][[
]][[

][][
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=− MXiMkj
mmmmmm
mmmmmm

MXjMki

kjxi

xjki  (5) 

where 0M  is given in Step 2 and only X  is unknown. 
The locus of X  satisfying (5) is a line, the 
reconstruction 0M  of 0m  is on this line and the 
reconstruction X  of xm  is also on this line. Thus, this 
line is the reconstruction of the line xmm0 , i.e. it is the 
equation of L . Different kji ,,  out of 54321 ,,,,  
ideally should give the same equation of L . However, 
all such equations are used for the robustness purpose 
in this work.  

Similarly, from the second view, we obtain: 
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It is the equation of 'L  through 0'M  and X . 
Step 4. The scene point X  of xm  and x'm on π  
satisfies all the equations in Step 3. These equations 
are all linear on X . SVD method is used to obtain the 
solution of X . 
Step 5. Levenberg-Marquardt optimization is followed. 
The cost function is the sum of the residual squares of 
the invariant equations in Step 3. 

In the above method, at least five scene points from 
two views should be known. More scene points and 
more views can improve the robustness and accuracy. 

Degeneracy: If the two optical axes intersect π  at 
the same point, i.e., 00 'MM = , then the reconstructions 
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L  and 'L  are identical, so the reconstruction X  cannot 
be determined uniquely, it has one degree of freedom 
on the line L . Another similar degenerate case is when 
the scene point lies on the line through 00 'MM , L  and 

'L  become coincident. More views should be used to 
remove these ambiguities. 

Our method to reconstruct X  is an extension of the 
triangulation method for perspective projections [11]. 
By back projecting xmm 0 , x''0 mm , we obtain L  and 

'L  on the scene plane. Their unique intersection point 
is the reconstruction of X . Not only a plane structure 
but also 3D scene points can be reconstructed. This 
method to reconstruct a 3D scene point from three 
catadioptric views is as follows: Let 0''m  be the 
principal point and x''m  be the image point of X  in 
the third view. Then, three space planes, each 
containing a different optical axis, can be obtained by 
back projecting of xmm0 , x''0 mm , x'''' 0 mm . The 
unique intersection point of these three planes is the 
reconstruction of X . This work will be reported in 
future. 
 
5. Experiments 
 

In this section, experiments are carried out to test 
the proposed invariant equations in Section 3 and 
application algorithms in Section 4. We use a 
perspective camera with a hyperbolic mirror. 
 
5.1.  Simulations 
 

The simulated camera has the following parameters 
610=uf , 600=vf , 8.0=s , 5000 =u , 3500 =v , 

0.9231=l , where uf , vf  are the focal lengths, s  is 
the skew factor, ),( 00 vu  is the principal point, l  is the 
distance from O  to cO . The parameters keep 
unchanged when camera is moving. We take 16 space 
points on X - Y  plane shown in (a) of Figure 7, then 
project them to the catadioptric image planes at three 
different positions, see (b), (c), (d) of Figure 7 for the 
three images. The image sizes are not greater than 

10001000 ×  pixels. The Gaussian noise with mean 0 
and standard deviation ranging from 0 to 2.0 pixels is 
directly added to each of the image points, and then the 
principal point 0m  and the intersection points 0M , 

0'M , 0''M  of the three optical axes with X - Y  plane 
are estimated by the algorithm in Subsection 4.1 and 
4.2. At each noise level, we perform 100 trials, and the 
averaged results are shown in Table 1 and Table 2, 
where the values under noise level 0 are the same as 
their ground truths. From these results, we can see the 
stability and validity of our method. The variances of 

the estimated 0m  under different noise levels are also 
computed and plotted in Figure 8. One of the variances 
from all the estimations of 0M , 0'M  and 0''M  under 
all noise levels is 1.0908, and all of the others are 
smaller than 1. 
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Figure 7. (a): the scene points; (b), (c) and (d): 
the three views of (a) 

 
Table 1. The averages of the estimated 

principal point vs. noise 
Noise level (Pixel) Principal point 

0 (500.00, 350.00) 
0.4 (500.50, 350.21) 
0.8 (500.28, 350.21) 
1.2 (500.36, 349.82) 
1.6 (502.48, 350.42) 
2.0 (505.16, 349.06) 

 
Table 2. The averages of the estimated 

intersection points of the three optical axes 
with the X -Y  plane vs. noise (pixel) 

Noise 
Level  

0M  0'M  0''M  

0 (5.00, 15.00) (15.00, 25.00) (25.00, 5.00) 
0.4 (5.02, 15.00) (15.02, 24.99) (25.03, 5.01) 
0.8 (4.98, 14.98) (15.03, 25.02) (24.97, 4.97) 
1.2 (4.99, 14.98) (14.93, 24.95) (24.97, 4.95) 
1.6 (5.07, 14.99) (14.98, 24.92) (25.07, 4.98) 
2 (5.22, 15.00) (15.20, 24.99) (25.16, 4.92) 

 
The above space points and the estimations of 0m , 
0M , 0'M , 0''M  are used to reconstruct other space 

points of the X -Y  plane shown in Figure 9. From the 
contaminated images with Gaussian noise as described 
before, the algorithm of Subsection 4.2 is used, and the 
averaged result of 100 independent experiments is 
computed. Out of all these estimations, the biggest 



error is 0.7145. The variances are also calculated 
showing that most of them are smaller than 1 and the 
biggest one is 2.0587. The estimations of two space 
points with bigger errors are shown in Table 3 where 
the values under noise level 0 are the same as their 
ground truths. 
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Figure 8. The std. of the estimated principal 

point vs. noise 
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Figure 9. The scene points to be reconstructed 

 
Table 3. Reconstructions of two scene points 

from three views 
Noise Level (Pixel) Reconstructions 

0 (1.00, 42.00) (18.00, 39.00) 
0.4 (0.99, 42.02) (17.99, 39.00) 
0.8 (0.87, 42.25) (18.05, 39.21) 
1.2 (0.96, 41.82) (17.89, 38.95) 
1.6 (0.91, 41.89) (17.85, 38.94) 
2.0 (0.99, 42.69) (18.25, 39.71) 

 
5.2.  Experiments with real data 
 

In the following, the results in Section 3 and Section 
4 are tested by real data. 

We conduct experiments from two real images. The 
images are of size 15362048 ×  pixels captured by a 
NIKON COOLPIX990 camera with a hyperbolic 
mirror designed by the Center for Machine Perception, 
Czech Technical University, as shown in Figure 10. 
The image point extraction and matching are currently 
done manually. The geometric information of 1D scene 
points on the ceiling is used to calibrate each principal 
point from each single view, and the results are:  

T)1,55.777,68.1028(0 =m , T)1,23.773,36.1062('0 =m  
In order to assess the accuracy of the estimations, some 
cross ratios from image points and the estimated 0m  in 

the first view are computed. The results are shown in 
Table 4. It can be seen that the estimated invariants is 
quite close to their ground truths. We also found that 
the estimated cross ratios from the second view and the 
estimated 0'm  are quite close to their ground truths. 

 

 

 
Figure 10. The used real images 

 
Table 4. The estimations of some cross ratios 

and their ground truths (GT) 
Estimation GT Estimation GT 

1.3274 1.3333 0.3325 0.3333 
0.4439 0.4444 0.4988 0.5 
4.0188 4 -0.4874 -0.5 
-0.7777 -0.8 -0.9727 -1 
0.2574 0.25 -2.0488 -2 
-1.2770 -1.25 

 

-1.0249 -1 
 

To uniquely determine the solutions of the 
reconstruction by our method, the minimal number of 
the known scene points is five. Here, we are with the 
minimal number of the known scene points. Let the 
ceiling be the X-Y plane of the world coordinate 
system. We use the scene points )1,0,0(1 =M , 

)1,0,1(2 =M , )1,1,0(3 =M , )1,1,1(4 =M , )1,0,2(5 =M , 
whose image points are im , 5..1=i  show in the left 
figure of Figure 10, to recover the coordinates of other 
scene points on the ceiling.  

The estimated intersection points of the two optical 
axes with the ceiling are respectively: 

T)1, 5.27-   4.68,- (0 =M , T)1,7.01-   0.48,- ('0 =M . 
Then, the equations on other unknown scene point are 
set up, and the coordinates are solved. The results are 
shown in Table 5. They demonstrate the validity of the 
invariant equations in Section 3 as well as the method 
for recovering the structure of a plane in Section 4. 

 



Table 5. The estimated coordinates of some 
scene points on the ceiling and their ground 

truths (GT) 
Estimation GT  Estimation GT 
(-3.05, 2.10) (-3, 2) (-2.04, 2.02) (-2, 2) 
(-0.02, 2.01) (0, 2) (0.99, 2.00) (1, 2) 
(-2.99, 1.11) (-3, 1) (-2.00, 1.05)  (-2, 1) 
(2.02, 1.02) (2, 1) (3.05, 1.06)  (3, 1) 
(-1.98, 0.07) (-2, 0) (-0.99, 0.04)  (-1, 0) 
(-2.95, 0.76) (-3, 1) (-1.95, -0.88)  (-2, -1) 
(-0.01, 0.99) (0, 1) (0.97, -1.00)  (1, -1) 
(2.99, -0.96) (3, -1) (-0.97, -1.94)  (-1, -2) 
(0.92, -1.99) (1, -2) (1.91, -1.98)  (2, -2) 
(-1.02, 2.01) (-1, 2) (2.01, 2.01)  (2, 2) 
(-1.01, 0.99) (-1, 1) (-2.96, 0.17)  (-3, 0) 
(3.03, 0.05) (3, 0) (-0.97, -0.92)  (-1, -1) 
(1.97, -0.99) (2, -1) 

 

(-0.04, -1.98)  (0, -2) 
 
6. Conclusions 
 

Three kinds of interesting invariant equations from 
1D, 2D and 3D scene points are introduced under the 
catadioptric camera model. Their applications for 
calibrating the principal point or reconstructing plane 
structure are illustrated. The experimental results 
confirm the theoretical correctness of our invariant 
equations and show the accuracy and stability of our 
methods. These invariants are also useful for object 
recognition and image matching. Their further 
applications will be investigated.  
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