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Abstract

This paper presents a novel scheme for manifold learn-
ing. Different from the previous work reducing data to
Euclidean space which cannot handle the looped manifold
well, we map the scattered data to its intrinsic parame-
ter manifold by semi-supervised learning. Given a set of
partially labeled points, the map to a specified parameter
manifold is computed by an iterative neighborhood average
method called Anchor Points Diffusion procedure (APD).
We explore this idea on the most frequently used close-
formed manifolds, Stiefel manifolds whose special cases in-
clude hyper sphere and orthogonal group. The experiments
show that APD can recover the underlying intrinsic para-
meters of points on scattered data manifold successfully.

1. Introduction

Problems of dimensionality reduction arise in many sci-
entific data processing cases[19]. Many linear and nonlin-
ear methods were developed, such as principle component
analysis (PCA), multidimensional scaling (MDS)[8], in-
dependent component analysis (ICA), self-organized maps
(SOM)[16], generative topographic mapping (GTM)[4].
Currently, nonlinear dimensionality reduction and mani-
fold learning have attracted more and more researchers’
attention[2][7][17]. Manifold learning, as a common frame-
work for nonlinear dimensionality reduction, is now a re-
newed popular direction of computer vision, pattern recog-
nition and machine learning, and have found many appli-
cations, such as expression analysis[5][6], human motion
analysis[10][11][15]. The manifold based dimensional-
ity reduction methods mainly include Isomap[19], Locally
Linear Embedding (LLE)[18], Laplacian Eigenmap[1][3],
Hessian Eigenmap[9], Semidefinite Embedding (SDE)[20],
Kernel PCA, Kernel ICA etc. Isomap[19] preserves the
geodesic distance of each pair of data points, and computes
the embedding by minimizing the global error between
Euclidean distance in embedded space and geodesic dis-

tances of each pair of points in the original space. Based on
the assumption that each point can be reconstructed using
linear combination of its neighbors both in original space
and embedded space, the LLE algorithm[18] first finds the
reconstruction weights by solving a least-squares problem
and then obtains the embedding by minimizing the global
reconstruction error. Laplacian Eigenmap defines a neigh-
borhood weight matrix, and obtains the embedding by min-
imizing the sum of pairwise distances weighted by the en-
tries of the weight matrix. Laplacian Eigenmap can be re-
garded as generalization of LLE with different choices of
reconstruction weights. A common restriction of Isomap
and LLE is that the embedded subset is convex, Hessian
Eigenmap[9] is proposed to handle the situation where the
embedded subset is non-convex, Hessian Eigenmap devel-
ops a quadratic form based on Hessian on manifold, and
computes the embedding by solving the null space of the
quadratic form. Semidefinite Embedding[20] is another al-
gorithm that can handle non-convex situations, which ob-
tains the embedding by maximizing the sum of pairwise
Euclidean distances in embedded space under the constraint
of local isometry preserving.

To our best knowledge, most previous literatures have
only reported reducing scattered manifold to a subset of
Euclidean space. However, there are many looped and
highly entangled manifolds which cannot be mapped to
Euclidean space with their intrinsic dimensionality, as illus-
trated in Figure 1. For these data manifolds, previous meth-
ods only find the lowest dimensional Euclidean space that
the manifold can be embedded in, and cannot map the data
to their intrinsic manifold. A circle is a 1-dimensional man-
ifold, but state-of-the-art manifold learning methods will
consider it wrongly as 2-dimensional. As shown in Fig-
ure 1, obviously, it is better to map looped data to a circle
directly (Figure 1, bottom right) than map to a subset of 2-
D Euclidean space (Figure 1, bottom left) or 1-D Euclidean
space (Figure 1, bottom middle). Here we attempt to map
the looped data manifold to its intrinsic parameter mani-
fold in closed form, for example, mapping circular data to
a circle, mapping images at different camera poses to the
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manifold of rigid body rotation matrices (special orthogo-
nal groups SO(3)).

Reducing to 2-D by

previous method

Reducing to 1-D by

previous method
Matching to the

intrinsic manifold

Original Data

Figure 1. Top: a set of data lies on
a 1-dimensional manifold embedded in 2-
dimensional Euclidean space; Bottom left:
a probably embedding of previous mani-
fold learning method, the dimensionality is
wrongly considered as 2, and the coordi-
nates of the embedding have no explicit ex-
planation; Bottom middle: using the previ-
ous method to map the data to 1-dimensional
Euclidean space, the neighborhood relation-
ship between the first and the last point is
broken; Bottom Right: our method is to map
the data to their intrinsic manifold (a unit cir-
cle), all neighborhood relationships are pre-
served and the underlying parameters (an-
gles on the circle) are found, moreover, geo-
desic distance in parameter space can be
easily obtained in closed form.

We focus on matching scattered manifold to the specified
Riemannian manifold. Given a data set in high dimensional
space, its intrinsic low dimensional manifold in closed form
and some correspondences between them, here our goal is
to find the low dimensional correspondences in the para-
meter manifold of the whole data set. By converting the
problem to an optimization with equality constraints, the fi-
nal solution can be obtained by diffusion from the labeled
data points, so we call this method anchor points diffusion
(APD). We explore this idea on the most frequently used
parameter manifold: Stiefel manifold[12], whose special
cases include hyper-sphere and special orthogonal group
(SO(n)). The idea of semi-supervised matching between
two high dimensional data manifolds has been explored by
Ham and his colleague[14], but as far as we know, no at-
tempts have been made to match data manifold and close-
formed manifold by semi-supervised learning.

2. Matching to the Intrinsic Manifold

In this section, we will formulate the problem of match-
ing data to the intrinsic manifold as optimization under or-
thogonal constraints, and provide a computational solution
to the optimization.

2.1. Problem Definition

The problem of non-linear dimensionality reduction can
be described as recovering the underlying parametrization
of scattered data lying on manifold embedded in high-
dimensional Euclidean space[9]. Suppose that there is a
parameter space Θ ⊂ R

d and an unknown smooth map-
ping ψ : Θ �→ R

n, mapping all points in Θ to R
n will

generate a manifold M = ψ(Θ). Given a set of data
Xi ∈ M, i = 1, ..., N , the task of manifold learning is to
find a set of corresponding parameters Yi ∈ Θ, i = 1, ...N ,
so that Xi = ψ(Yi). The Euclidean space R

n is a high
dimensional embedding space, d < n, and always, d � n.

In our work, the above parameter space Θ ⊂ R
d is

replaced by a given Riemannian manifold, i.e., Θ is con-
strained as Θ ⊆ Riemannian manifold(d), and ψ now
becomes a mapping from manifold to manifold. Given a set
of data Xi ∈ M, i = 1, ..., N , our task is also to find the
set of corresponding parameters Yi ∈ Θ, i = 1, ...N . To
make the problem easier to solve, correspondences of part
of the data points are given on the parameter manifold. Let
XC , XS be the part of {Xi : i = 1, ..., N} with known and
unknown correspondences respectively, and YC , YS be the
known and unknown part of {Yi : i = 1, ..., N}. Stated for-
mally, our problem is to find YS , such that XS �→ YS , given
Yi ∈ Θ, i ∈ S and XC �→ YC , where C is the set of indices
of samples with known correspondences, and S is the set
of indices of samples whose correspondences needed to be
solved.

Manifolds used in computer vision and pattern recog-
nition can often be defined by a system of equality con-
straints. A d-dimensional manifold can be defined as m-
equality constraints in R

(m+d). Let H : R
(m+d) �→ R

m

be a smooth mapping. If the Jacobian matrix J(Z) of H
has rank m, then {Z ∈ R

(m+d) : H(Z) = 0} is a d-
dimensional manifold. So, if the parameter manifold is ex-
pressed by equality constraint and a criterion for optimiza-
tion is developed, then the problem can be formulated as
a constrained optimization. In the following subsections,
we will first give the parameter manifold, and the criterion
for optimization, then solve the constrained optimization to
find the embedding.
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2.2. Parameter Manifold

Considering our problem on a wide range of manifolds
is probably very difficult technically. Many manifolds
are widely used in computer vision and pattern recogni-
tion, such as Stiefel manifold, Grassmann manifold, special
Euclidean group [12][13]. One of the manifolds used fre-
quently is Stiefel manifold[12], which can be denoted as:

SM(m, n) ∈ {Z ∈ R
m×n : ZZT = I, m � n}. (1)

where I is an m×m identity matrix. It is an mn− m(m+1)
2 -

dimensional manifold embedded in m × n dimensional
Euclidean space[12].

For the special case of hyper sphere, m = 1, the con-
straint becomes HS(n) = {Z ∈ R

n : ‖Z‖2 = 1}. Hyper
sphere is an (n − 1)-dimensional manifold embedded in n-
dimensional Euclidean space.

For the special case of orthogonal group (O(n)), m = n,
the constraint becomes O(n) = {Z ∈ R

n×n : ZZT = I}.
Orthogonal group O(n) has two components formed by
the orthogonal matrices with positive and negative deter-
minants, respectively. The positive component is denoted
as special orthogonal group (SO(n)), which is an n(n−1)

2 -
dimensional manifold embedded in n2 dimensional Euclid-
ean space. SO(3) is frequently used as rotation matrices
of coordinates transform. It is a 3-dimensional manifold
embedded in 9-dimensional Euclidean space. SO(2) is the
group of 2-D rotation matrices, and equivalent to circle.

SO(n) = {Z ∈ R
n×n : ZZT = I,det Z = 1}.

It is worth noting that the elements of Stiefel manifold
are matrices[12], while nearly all existing methods map
data to vectors, not matrices. But not all parameter spaces
can be properly formulated in vectors, and many parame-
ter spaces would be better expressed in matrices. For ex-
ample, it is better to denote parameter space of coordinate
transformation by orthogonal matrices. Though the idea of
mapping images to matrices is a natural application of low
rank approximation[22], as far as we know, it has not been
adopted in previous work on manifold learning.

2.3. Criterion Function for Optimization

Then, a criterion Φ(YS) must be defined so that its min-
imization correspond to a good mapping. There are a va-
riety of ways of choosing the criterion. In general, these
criteria fall in two categories: global framework e.g. crite-
ria of Isomap[19], MDS[8] and SDE[20] and local frame-
work e.g. criteria of LLE[18], Laplacian Eigenmap[1] and
Hessian Eigenmap[9]. In our problem, the data manifold
and the parameter manifold are not isometric, so only the
locality preserving criterion can be considered. Locality

preserving means that after the mapping, nearby points on
the original manifold should be mapped to nearby points in
the parameter space. LLE criterion and Laplacian Eigen-
map criterion are two popular choices. As pointed out
by Belkin and Niyogi[3], Laplacian Eigenmap coincides
LLE in eigenvector decomposition, while in our work, they
also coincide in the optimization criterion because of the
constraint imposed by Stiefel manifold. The Laplacian
Eigenmap[3] criterion is

min
YS

∑
i �=j

Wij ‖Yi − Yj‖2 (2)

where Wij is the weight matrix of nearest neighbors. Usu-
ally there are two variations for weighting the nearest
neighbors[1], heat kernel and simple-minded. Here, simple-
minded weight matrix is used:

Wij =
{

1
k if xj is among k nearest neighbors of xi

0 otherwise .

The Eq. (2) can be reformulated as sum of inner prod-
ucts:

Φ(YS) =
∑
i �=j

Wij

(
‖Yi‖2 + ‖Yj‖2 − 2Yi · Yj

)

The inner product (·) of two matrices is computed by re-
shaping them to vectors, i.e. Yi ·Yj =

∑
s,t

YistYjst. Because

‖Yi‖ =
√

m is constant, Φ(YS) = Const−2
∑
i �=j

WijYi ·Yj ,

the Laplacian Eigenmap defined in Eq. (2) is equivalent to:

max
YS

∑
i �=j

WijYi · Yj (3)

The LLE criterion[18] was defined as:

min
YS

∑
i �=j

MijYi · Yj (4)

where M = I − W , and W is obtained by
minimizing reconstruction error in the original space:

Wij

{ ≥ 0 if xj is among k nearest neighbors of xi

= 0 otherwise .

From Eq. (1), we know that ‖Yi‖ =
√

m is constant,
then the LLE criterion is also equivalent to:

max
YS

∑
i �=j

WijYi · Yj . (5)

From Eq. (3) and Eq. (5), one can see that LLE and
Laplacian Eigenmap share the same form of optimization
criterion in our problem.
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2.4. Optimization

The optimization problem is to maximize the criterion in
the common form

Φ(YS) =
∑
i �=j

WijYi · Yj (6)

subject to orthogonality constraints imposed by Stiefel
manifold or SO(n)

YiY
T
i = I,∀i ∈ S. (7)

It is a standard optimization problem with equality con-
straints. The Lagrangian of the optimization is

L(YS , α) =
∑
i �=j

WijYi · Yj +
∑
i∈S

αi · (YiY
T
i − I)

in which αi ∈ R
m×m, αi = αT

i ,∀i ∈ S are Lagrange mul-
tipliers. The partial derivative of Lagrangian with respect to
each Yk, k ∈ S is

∂L(YS , α)
∂Yk

=
∑
i �=k

(Wik + Wki)Yi + 2αkYk = 0. (8)

The solution to Eq. (7) and (8) can be obtained by sin-
gular value decomposition (SVD) of Fk = 1

2

∑
i �=k

(Wik +

Wki)Yi which is the weighted sum of the neighbors of Yk.
Let Fk = UkSkV T

k be the standard singular value decom-
position of Fk, we have αkYk = −Fk. Then, α2

k can be
solved from Eq. (7) and (8), because αk is symmetry,

α2
k = αkIαT

k = αkYkY T
k αT

k

= FkFT
k = UkS2

kUT
k

This is a standard diagonalization of α2
k, and Uk is the

matrix of eigenvectors. Because αk and α2
k shares the

same eigenvectors, diagonalization of αk can be expressed
as αk = UkΛkUT

k , where Λk is a diagonal matrix, and
Λ2

k = S2
k . Now, we have

Yk = −α−1
k Fk = −UkΛ−1

k SkVk = UkJkVk

where Jk = Λ−1
k Sk is a diagonal matrix having either

+1 or −1 in each diagonal place because the correspond-
ing diagonal elements of Λk and Sk share the same ab-
solute values. There are 2m candidates for Jk, however,
because of the locality, Jk can be determined by minimiz-
ing ‖Fk − UkJkVk‖.

‖Fk − UkJkVk‖ = ‖UkSkVk − UkJkVk‖ = ‖Sk − Jk‖

The diagonal matrix Sk has descending non-negative values
in the diagonal places, so ‖Sk − Jk‖ reaches its minimized

value when Jk is an identity matrix, i.e. Yk = UkVk. There-
fore, for the general SM(m, n), the solution is:

Yk = UkV T
k ,∀k ∈ S. (9)

But when Yk is specified on SO(n), and det Fk < 0, we
have det UkVk = −1. In order to ensure det Yk = 1, Jk

must be selected as diag(1, ...,−1). So, when special case
of SO(n) is considered, the solution needs to be revised as

Yk = UkHkV T
k ,∀k ∈ S, (10)

where Hk =
{

I
diag(1, · · · , 1,−1)

if det(Fk) � 0
if det(Fk) < 0

This revision can guarantee the solution to lie on the pos-
itive component of O(n). For the simplest case of hyper
sphere, the solution degenerates to Yk = Fk

‖Fk‖ .
Equation (9), (10) are both iterative solutions. From the

solution, one can see that each Yk is equal to the orthonor-
malized version of the weighted average of its nearby points
and that the resultant point is the nearest point to Fk on the
manifold.

2.5. Computing Issues

For iterative algorithm, the initial guess is very impor-
tant. We initialize each unlabeled point to its nearest labeled
point in geodesic distance. The geodesic distances between
the labeled points and unlabeled points can be computed
with Dijkstra algorithm[19].

During the iterations, the labeled points remain un-
changed, the unlabeled points fly away from them. The
process just likes diffusion of unlabeled points from the la-
beled points.

The detailed procedure is described below:
Step 1: Find the nearest neighbors of each point

Xi, and construct neighborhood graph N , Nij ={
1
0

if Xj is among the k-NN of Xj

otherwise .

Step 2: Solve the weights W , for the simple minded
Laplacian criterion, just simply let W = N/k [3], and
for LLE criterion, compute W by solving a least-squares
problem[18].

Step 3: Compute the geodesic distances between all pos-
sible couples of labeled and unlabeled points. Initialize
each unlabeled point to the nearest labeled point in geodesic
distance, i.e. set Yk = arg min

Yi,i∈C
geodesic dist(Yk, Yi).

Sort all unlabeled points descendingly by their geodesic dis-
tances to the nearest labeled point in geodesic distance and
record the sorted order. During the iterations in Step 4, the
unlabeled points will be updated in the sorted order.

Step 4: Solve the mapping iteratively, for each unlabeled
point:
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• Average over neighborhood, for ∀k ∈ S, Fk =
1
2

∑
i �=k

(Wik + Wki)Yi

• Pull the local average Fk to the constraint manifold by
SVD, for ∀k ∈ S, compute the SVD of Fk, Fk =
UkSkV T

k and let Yk = UkHkV T
k

• If not converged, repeat step 4

The convergence of the algorithm is determined by the
number and the locations of the labeled points. If the la-
beled points are sufficient in number and located uniformly,
the algorithm will be convergent to the correct embedding.

3. Experiments

Experiments are carried out on toy data and real images.
5 experiments are illustrated in this paper. Table 1 is the set-
tings of the experiments. The labeled points are distributed
almost uniformly in the manifold space in all experiments
and Laplacian Eigenmap criterion is used for a lower com-
puting burden.

3.1. Experiments on Hyper Sphere

Figure 2 shows the results of APD applied to trefoil
data provided by Weinberger and Saul[20][14]. The 539
input points are sampled from a trefoil knot in 3 dimen-
sions, which is a 1-dimensional manifold embedded in 3-
dimensional Euclidean space. The results show that almost
all neighborhood relationships are preserved.

Figure 2. Left: input points, sampled from a
trefoil in 3 dimensions. Right: results of APD
applied to the trefoil data set.

Figure 3 shows the results of APD applied to color im-
ages of a 3-D object. The images are generated by observ-
ing a teapot from different views in the plane. They have
76 × 101 pixels with three color channels. The data are
also provided by Weinberger and Saul[20][14], some sam-
ples from the data are shown in Figure 5. Intrinsically, this
set of data is a 1-dimensional manifold embedded in high
dimensional Euclidean space, because they are created by
changing one parameter: angle of rotation. The images are
successfully arranged on a circle and ordered by their angle

of rotation, and the geodesic distance (the angle between
two points) between two points can be easily computed as
arccos Yi·Yj

‖Yi‖‖Yj‖ . By comparing our results with Weinberger
and Saul’s, one can see that our method gives more com-
prehensible results for looped manifold. Figure 4 is the re-
sults of SDE applied to reducing the data of teapot to 2-
dimensional Euclidean space, one can see that their method
preserves the neighborhood relationships perfectly too, but
the coordination of a single point has no explicit explana-
tion, and the resultant dimensionality is wrongly consid-
ered as 2. In the 1-dimensional experiment (see Figure 5),
they sampled the data over 180 degrees of rotation to avoid
breaking the neighborhood relationships.

Figure 3. Results of APD applied to the
teapots data set. A representative sample of
images are superimposed at the side of cor-
responding points.

Figure 4. Results of applying SDE on the
teapots data set to get a 2-dimensional em-
bedding, derived from [20]. A representative
sample of images are superimposed on top
of corresponding points.

Figure 6 shows results of our method applied to the data
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Table 1. Settings of the Experiments
Data set Original Dimensionality Type k-NN # of points # of labelled points
Trefoil 3 Circle 4 539 4
Teapots 101 × 76 × 3 = 23028 Circle 4 400 4
Moon phase 72 × 72 = 5184 Sphere 12 749 6
Circular globe 128 × 128 × 3 = 49152 SO(2) 4 360 4
Full-posed globe 52 × 52 × 3 = 8112 SO(3) 14 15600 168

Figure 5. Results of applying SDE on the teapots data set to get a 1-dimensional embedding, derived
from [20].

set of moon phases. The images were generated by rotating
the moon at different phases. Intrinsically, this set of data
is a 2-dimensional manifold embedded in the high dimen-
sional Euclidean space, because they are created by chang-
ing two parameter: phase and angle of rotation. The images
have 72 × 72 pixels. In the plot, the sphere is unfolded us-
ing the cylindrical projection. The images are successfully
arranged on a sphere and tiled by their angles of roll and
phase.

180 150 120 90 60 30 0 30 60 90 120 150 180

90

60

30

0

30

60

90

Roll

P
ha

se

Figure 6. Results of APD applied to moon
phase data set, cylinder projection.

3.2. Experiments on SO(n)

Circular globe data and full-posed globe data are gener-
ated for testing the proposed method on SO(n). Data set
of circular globe is used as SO(2) and full-posed globe as
SO(3).

Figure 7 illustrates the results of APD applied to circu-
lar globe data. The images are generated by observing a
globe from the different views in the plane. The images
have 128 × 128 pixels with three color channels. The algo-
rithm successfully re-arranges the images on a circle with

the order of their angle of rotation. These results are similar
to those of teapot, because circle and SO(2) are equivalent
in nature.

Figure 7. Results of APD applied to circular
globe data. A representative sample of im-
ages are superimposed at the side of corre-
sponding points.

Figure 9 is the results of APD applied to the full-posed
globe data, and Figure 10 is cropped from Figure 9. The
original images have 52 × 52 pixels, with three color chan-
nels. Each of them is first divided into 4 parts, on which we
apply PCA separately to obtain a set of 507 × 4 = 2028
dimensional vectors. The total number of points is 15600,
including 168 labelled points.

A rotation matrix can be represented by three Euler
angles[21]: pitch, yaw and roll. In Figure 9, each arrow
stands for a point in SO(3). The coordinates of an arrow’s
starting point are yaw and pitch of the correspondent rota-
tion matrix, and the direction is the roll angle of the rotation
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Figure 8. Some sample images from full-
posed globe data set

matrix. Figure 12 is the error curve of the each point. The
figure shows that errors of nearly all points are below 0.2,
and 58% of them are below 0.1.

Figure 10. Results of APD applied to full-
posed globe data set, part, zoomed, points
are re-sampled for clarity. The correspond-
ing images are superimposed at the end of
the arrow.

4. Conclusion

We have partially solved a new problem in manifold
learning: matching the scattered data to the specified pa-
rameter manifold by semi-supervised learning. The experi-
ments demonstrate that the proposed method can map data
to their intrinsic manifolds perfectly. Although the method
is expressed in terms of dimension reduction, it can be ap-
plied to other problems such as pose estimation, or pose-
based image interpolation. This technique can be easily
adapted to matching scattered points to closed parametric
curve or surface, which is a classic problem in computer
graphics.

For many other close-formed manifolds, intuitively,
the scheme: initializing to nearest labeled points, local

0 2000 4000 6000 8000 10000 12000 14000 16000
0

0.05

0.1

0.15

0.2

0.25

Figure 12. Error of APD applied to full-posed
globe data set, sorted

weighted averaging, projecting to manifold still holds, so,
future work will be carried out to prove this. Besides, the
condition about number and positions of the labeled points
that should be satisfied to insure the correct convergence
must be derived, which would likely provide additional in-
sight into the behavior of the algorithm.
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