Adaptive and Iterative Least Squares Support Vector Regression Based on
Quadratic Renyi Entropy*

Jingqing Jiang ', Chuyi Song ', Haiyan Zhao ', Chunguo Wu ** and Yanchun Liang ***
" College of Mathematics and Computer Science, Inner Mongolia University for Nationalities,
Tongliao Inner Mongolia 028043, China
? College of Computer Science and Technology, Jilin University, Changchun 130012, China
INational Laboratory of Pattern Recognition, Institute of Automation,
Chinese Academy of Sciences, Beijing 100080, China
Jiangjingqing@yahoo.com.cn

Abstract

An adaptive and iterative LSSVR algorithm based
on quadratic Renyi entropy is presented in this paper.
LS-SVM loses the sparseness of support vector which
is one of the important advantages of conventional
SVM. The proposed algorithm overcomes this
drawback. The quadratic Renyi entropy is the
evaluating criterion for working set selection, and the
size of working set is determined at the process of
iteration adaptively. The regression parameters are
calculated by incremental learning and the calculation
of inversing a large scale matrix is avoided. So the
running speed is improved. This algorithm reserves
well the sparseness of support vector and improves the
learning speed.

1. Introduction

The support vector machine (SVM) is a novel
learning method that is constructed based on statistical
learning theory. The support vector machine has been
studied widely since it was presented in 1995. It has
been applied to pattern recognition broadly and its
excellent performance has been shown in function
regression problems. Training a standard support
vector machine requires the solution of a large-scale
quadratic programming problem. This is a difficult
problem when the number of the samples exceeds a
few thousands. Many algorithms for training the SVM
have been studied. Suykens [1] suggested a least
squares support vector machine (LSSVM) in which the

inequality constrains were replaced by equality
constrains [1]. By this way, solving a quadratic
programming was converted into solving linear
equations. So the efficiency of training SVM is
improved greatly and the difficulty of training SVM is
decreased. But all the training samples are selected as
support vectors and the sparseness of support vectors is
destroyed in LSSVM. LSSVM involves computing the
inverse of a matrix in the process of training. It costs a
lot of time and space to computing the inverse matrix
for large scale training samples. This restricts LSSVM
applied on large scale problems. Some researchers
have involved in studying on the sparseness of support
vectors and some results have been presented.
Suykens[2] proposed a pruning scheme based on
support vector spectrum. The basic idea is to sort the
support vector according to the corresponding
Lagrange multiplier and prune some support vectors
with the smaller Lagrange multiplier. Recomputed
using the rest support vectors till the performance of
the learning machine decreased. This method
computed the Lagrange multiplier for all the training
samples at beginning so the cost on time and space is
large. Wu [3] presented an adaptive and iterative
algorithm for LSSVM training. The number of support
vectors selected by this method is decided adaptively
through the incremental and inverse learning. And it is
much smaller than the number of training samples.
However, the fitness for function regression 1is
approach to the standard LSSVM. Espinoza [4-5]
present a fixed-size LSSVM algorithm and applied it to
load forecasting. The size of support vectors was fixed
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forehand and the maximum quadratic Renyi entropy
was used to select the support vectors into working set.
According to Wu[3] and Espinoza [4-5], combining the
Renyi entropy with incremental learning algorithm, an
adaptive and iterative LSSVM algorithm for regression
(LSSVR) based on Renyi entropy is presented in this

paper.
2. Least squares support vector regression

According to [2], let us consider a given training set
of [ samples {x,,y,}!, with the ith input datum

x; € R" and the ith output datum y; € R . The aim of
support vector machine model is to construct the
regression function takes the form:
fx,w)y=wlp(x)+b )]
where the nonlinear mapping ¢(-) maps the input data
into a higher dimensional feature space. In least

squares support machine for function regression the
following optimization problem is formulated
!
min J(w,e):;—wrw+}/z e’ (2)
w,e =1
subject to the equality constraints
yi=wlo(x)+b+e, i=1,.,1 (3)
This corresponds to a form of ridge regression. The
Lagrangian is given by
i
L(w,b,e,a) = J(w,e) =Y o fw p(x) +b+e, -y D)
i=1
with Lagrange multipliers ¢, . The conditions for the

optimality are

!
;7;/20% Wziz:laifo(xi)
oL !
—=0- a, =0 ®)
T I
a—L=O—> o, = ye
de, P = e
a—L=O—> wip(x)+b+e =0
Jde,

for i=1,...,/ . After eliminating ¢, and w, we could

have the solution by the following linear equations

Falple L]

where y=[y . .. »1.1=[..11,a=[a,..,] and the
Mercer condition

Q, =¢(xk)T¢(xj) =yY(x;, X))
is applied.
Set 4 =Q + ;/*1 1 . For 4 is a symmetric and positive-

kj=1..,0 (1)

definite matrix, 47" exists. Solving the linear equations
(6) we obtain the solution

TT 41
a=A'(y-bi) p-L AV ®)
17471
Substituting w in Eq. (1) with the first equation of
Egs. (5) and using Eq. (7) we have

fow) = y(x)= iaiw(x,xl-) +b ©)

where ¢, and b are the solution to Eqs(6). The kernel

function y (-) can be chosen as
(a) linear function y (x,x;) = xl-T X
(b) polynomial function y (x,x;) = (x,»Tx +1)?

() radial basis function y(x,x,) = exp{{|x - xiHi /o)

3. Incremental learning

In order to obtain the regression function in Eq.(9), it
needs to compute ¢zand 5. And computing 47'is the
key to compute them. It costs large on time and space
while the number of training sample is large. Liu [6]
presented an online LSSVM learning algorithm for
function and classification. This algorithm avoids
computing the inverse of a large matrix. The increment
learning part of the algorithm is used in our paper.

The set which elements (some of training samples)
are used to construct the classifier is called working set.
Denotes as W. According to Eqs(6), set

A4, =Q+y'l a,=a y,=y (10)
where N is the number of samples in current working
set. Eq. (8) can be rewritten as

1 T A -1 = o o .
=2 I g =45y -bT) ()
1N AN 1N
where TN =) The regression function is
N

f(x)= Z ﬁN,il//(x’ x,)+ b_N

When a new coming sample (x,,,,,y,.,,) is added to the

current working set, we could calculate the parameters

according to Eq. (12)

17
N +1

A

,1 a—
T _ N+1Y N1
N+l — 37T -1 7
1N+1AN+1 1N+1

Uy = A;/1+1 (Vysr = by Lyar) (12)
=(1,..»0" > Oy =% %) > Yy =Ononar)

-
N+1

Ay is constructed by added a line and a column to Ay -

That is
4y q
ANH = |: ;\"J :|
q S

where il
N+1
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— T _ ~1
Where q= (QI,NH ’QZ,NH ""’QN,NH) > § _QNH,NH +7 :

Then the regression function changes to
N+l

f(x)= Z Oy Y (x,x;) + b_NH

i=1
According to the algorithm in reference Liu [6], the
matrix 47! in Eq. (12) could be calculated from matrix

A;I , that is
1_14; 0| [-4vq T | ~q' 4 13
€ 95 gl 04] oo

In this way the calculation for the inverse of a large-
scale matrix could be avoided.

4. Renyi Entropy

Entropy is the measure of the degree of the system
randomization. It is related to the underlying density
distribution of the sample. The larger the entropy is the
more information involves in sample and the better the
randomization of sample is. Renyi [7-8] gave the
definition for density distribution function. The Renyi
entropy of order o (@>0,#1) of a continuous

probability density functions p(x) is defined in Eg.
(14):

H,, = jog [ p“(ax (14)
l-a

This paper is focus on Renyi’s quadratic entropy, o =2,
because this leads to an important computational
simplification obtained for Gaussian kernels. The
expression of Renyi quadratic entropy is given by
Eq.(15).

H,, :—logj.pz(x)dx (15)

[ p*(x)dx can be estimated by [9]

[pr o= [ (=L 3 S =101,

N
i=1 1

(16)

where each Nx1 vector 1, has each element equal to
1/N. So the quadratic Renyi entropy can be estimated
by Eq.(17)

HRzz—log(ﬁiV:il//(xi,xj)) (17)

i=1 j=1

5. Adaptive and iterative least squares
support vector regression based on Renyi
entropy

There is no theory to instruct the number of support
vectors which were selected into working set. An
iterative algorithm is presented in this paper and the

number of support vectors in working set is determined
in the process of iteration. The quadratic Renyi entropy
is the evaluating criterion for selecting the support
vector and the sample that with big quadratic Renyi
entropy is selected into working set.

Suppose the training set

T={s; 5=, 0)% R,y € Ri=12,1}
The regression function is
S =2 oy (xx)+b
ieW

where W is the working set whose elements are
support vectors used to construct regression function.
a and b are decided by the working set.

Firstly, carry out initialization. The first N samples
are selected to form the initial working set. Compute
a and b using Eq.(8) and compute f(x)|, . And then

repeat the following operation till the stop criterion is
reached: for the samples s, =(x;, yl_)which are not in
working set, put them into working set respectively
and form the temporary working set j.. Compute the
quadratic Renyi entropy for each temporary working

set. The biggest quadratic Renyi entropy is selected
and the corresponding sample s is put into working

set W. Compute ¢ and b using the new W by
incremental learning algorithm.

Steps of the proposed algorithm are as follows:
Initialization: Set @ is the precision in training and
testing, the precision in stop criterion is € . Set

W ={(x,,,),-.»(xy,y)} and calculate 4" analytically.

Calculate & and b according to Eq.(8) and obtain the
regression function £(x) ly -

(1) while the stop criterion is false do
(2) fori=1,.,1 do

3) if s.gW then

4 W,=wU{s,} //W,is temporary working set
for added sample s,

&) according to Eq.(17), compute the quadratic
Renyi entropy H,, (W,-) for temporary working
set W,

(6) endif

(7) end for

(8) find the maximum Renyi entropy in H (W) ,
denote ;= arg max{H ,,(7,)}

9 w=wUis,}

(10) calculate ¢ and b using the samples in working

set ¥ by incremental learning
(11) calculate the current object function Q
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(12) end while
(13) using the samples in working set W and « , b to
form the regression function )|y
In this algorithm, the stop criterion is related to the
objective function. The objective function is

1
00w.e) =, +72 el
2 ! s eW
where |, _ > a,y.0(x) e, =ile.- The meaning of
s, eWw 7/

the defined stop criterion is that the procedure ends
when the relative error of objective values in the two
adjacent iterations is smaller than a given precision g

Q(‘urrent — Qlu.yt <ge
Qlast

where 9 O, are the objection function value
current > Zlast

for this iteration and last iteration respectively.

6. Numerical Experiment

The experiments are implemented on a DELL PC,
which utilizes a 2.8GHz Pentium IV processor with
512MB memory. The OS is Microsoft Windows XP
operating system. All the programs are compiled under
Microsoft’s Visual C++ 6.0.

In order to examine the efficiency of the proposed
algorithm and compare with LSSVR algorithm,
numerical experiments are performed using three kinds
of data sets. The first kind of data set is composed of
the simply elementary functions which include

f(x)=sin(x) —15<x<+15
f(x)=x’ —1<x<+1
fx)=x —1<x<+1

These functions are used to test the regression ability
for the known function. The second kind of data set is
composed of Mackey-Glass (MG) system and sample
function £(x) =sinc(x). The MG system is a blood cell
regulation model established in 1977 by Mackey and
Glass. It is a chaos system

dx _ a-x(t-1)

dt 1+x"°(t-7)
described in [10], where 7=17 ¢=0.2 b=0.1 At =1
t€ (0,400) . The embedded dimensions are ; =4,6,8

respectively. The sample function is

—b-x(1)

1 -
f(x) =sinc(x) =1 sin(x) x=0 _15<x<15
‘ Tx;tO

The third kind of data is spiral function. An RBF
kernel function

w(x.x,) =expx, —x [ /20%)

is employed in these three kinds function. The
parameters used in this algorithm are showed in
Tablel. The comparison between LSSVR and our
algorithm are showed in Table 2, where the third
column is the number of support vectors, the forth
column is the seconds for training, and the fifth and
seventh columns are the regression accuracy for
training and testing, respectively. The regression
accuracy is a ratio that is the number of samples whose
relative error

S -y

y

is smaller than @ to the number of samples in the
working set (testing set). The sixth and eighth columns
are the mean square error for training and testing,
respectively.

Table 1. Parameters used in algorithm

data Y o 0 3

sin 5000 0.5 0.01 0.0001
square 5000 0.1 0.01 0.0001
cube 5000 0.08 0.01 0.000001
sinc 5000 0.6 0.01 0.0001
MG 4 5000 0.3 0.01 0.0001
MG 6 5000 0.3 0.01 0.0001
MG 8 5000 0.3 0.01 0.0001
spiral 5000 1.0 0.01 0.000001

It can be seen from Table 2 that the learning speed
of our algorithm is much faster than LSSVR.
Moreover, the number of support vectors is less than
that obtained by LSSVR for the similar regression
accuracy. Table 3 shows the ratio of spending time and
selected support vectors for the proposed algorithm to
that for LSSVM. It can be seen that the training time
spent on the proposed algorithm is 0.59%--15.4% of
standard LS-SVM, and the number of support vector is
0.85%--6.54% of training sample. Figure 1-4 show the
distribution of selected support vectors on sin, cubic,
sinc and spiral function. The black spots denote the
support vectors. It can be seen that the distribution of
the support vector is homogeneous in the whole sample
space and the distribution reflects the property of the
sample space.
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Table 2. Comparison between the proposed algorithm (RLSSVR) and standard LSSVR

data Algorithm #of  Traintime Accuracy MSE Accuracy MSE
1*n name SVs (CPU s) (train%) (train) (test%) (test)
sin LSSVR 3000 303.734 99.93 3.58e-009 99.87 4.19¢-009

3000X1 RLSSVR 123 26.0780 99.90 3.22¢-008 99.73 3.28e-008
square LSSVR 3000 303.875 97.10 6.14e-009 98013 7.35e-009

3000X1 RLSSVR 78 8.1870 98.10 1.49¢-006 98.67 1.54e-006
cube LSSVR 3000 300.093 96.6 8.00e-009 94.63 7.69¢-009
3000X1 RLSSVR 72 5.4070 93.67 6.85e-006 92.30 5.24e-006
sinc LSSVR 3000 295.000 99.93 8.23¢-011 99.80 1.14e-010
3000X1 RLSSVR 74 8.2660 95.70 4.98e-008 95.37 5.28e-008
MG 4 LSSVR 6000 2960.12 100 1.44e-008 100 1.49¢-008
6000X 4 RLSSVR 58 17.6880 100 8.81e-007 100 9.72e-007
MG 6 LSSVR 6000 2916.65 100 8.06e-009 100 8.45e-009
6000X 6 RLSSVR 155 166.6880 100 3.94e-007 100 4.03e-007
MG 8 LSSVR 6000 3105.77 100 3.30e-009 100 3.28e-009
6000X8 RLSSVR 51 22.3600 100 1.90e-006 100 1.94¢-006
spiral LSSVR 5000 1697.828 97.82 1.16e-004 97.60 1.13e-004

5000X1 RLSSVR 327 261.2500 95.96 4.63e-002 96.18 4.12e-002

Table 3. The ratio of support vector and speeding time for the proposed algorithm to that for LSSVR

data sin square cube sinc MG 4 MG 6 MG 8 spiral
Ratio of 410% 2.53% 2.40% 2.47% 0.97% 2.58% 0.85% 6.54%
support vector

Ratio of 858% 2.69% 1.80% 2.80% 0.59% 5.72% 0.72% 15.4%

spending time
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Figure 1. Support vectors for sin function Figure 2. Support vectors for cubic function
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Figure 3. Support vectors for sinc function
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Figure 4. Support vectors for spiral function

7. Conclusion and discussion

An adaptive and iterative LS-SVR algorithm based
on quadratic Renyi entropy is presented. All the
training samples are support vectors in LS-SVM. So,
LS-SVM loses the sparseness of support vector which
is one of the important advantages of conventional
SVM. The proposed algorithm overcomes this
drawback. The quadratic Renyi entropy is the
evaluating criterion for working set selection, and the
size of working set is determined at the process of
iteration adaptively. For the entropy is a measure of
system randomization, the big entropy means that the
system is randomized well. The working set with big
entropy could reflect the law of the sample set. LS-
SVM constructed by this working set has better
generalization. The regression parameters are
calculated by incremental learning and the calculation

of inversing a large scale matrix is avoided. So the
running speed is improved. We experimented on
several datasets. The training time spent on the
proposed algorithm is 0.59%--15.4% of standard LS-
SVM, and the number of support vector is 0.85%--
6.54% of training sample for the similar regression
accuracy and small mean square error. This algorithm
reserves well the sparseness of support vector and
improves the learning speed.
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