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successfully applied in many areas, such as speech and language
processing, document analysis and recognition, image retrieval,
and so on. The development of discriminative learning methods
for statistical pattern recognition involves two crucial issues:
design of objective function for optimization and actual
optimization method. The traditional optimization methods used
in discriminative learning are gradient-based ones. It is well
known that the optimization by gradient-based methods tends to
get stuck in local optima. In contrast with gradient-based
methods, evolutionary algorithms can quickly locate high
performance regions in large and complex search spaces.
Furthermore, evolutionary algorithms can escape from local
optima with a high probability to reach the desired global optima
for its multipoint search strategy. Therefore, the recent years have
witnessed a growing interest in applying evolution algorithms for
global optimization of statistical classifiers, such as neural
networks and Support Vector Machines (SVMs). In the field of
neural networks, the evolution algorithms have been employed to
evolve the connection weights [3, 32], or the neural architecture
[19, 20, 25], or the both of them [7, 13, 27]. The applications of
evolution algorithms to SVMs include (1) the selection of optimal
feature subsets [11], (2) the optimization of parameters [28, 31],
(3) the creation of new kernel functions [14], and (4) the multiobjective optimization [18, 24].

ABSTRACT
The optimization method is one of key issues in discriminative
learning of pattern classifiers. This paper proposes a hybrid
approach of the Covariance Matrix Adaptation Evolution Strategy
(CMA-ES) and the gradient decent method for optimizing
Bayesian classifiers under the SOFT target based Max-Min
posterior Pseudo-probabilities (Soft-MMP) learning framework.
In our hybrid optimization approach, the weighted mean of the
parent population in the CMA-ES is adjusted by exploiting the
gradient information of objective function, based on which the
offspring is generated. As a result, the efficiency and the
effectiveness of the CMA-ES are improved. We apply the SoftMMP with the proposed hybrid optimization approach to
handwritten digit recognition. The experiments on the
CENPARMI database show that our handwritten digit classifier
outperforms other state-of-the-art techniques. Furthermore, our
hybrid optimization approach behaved better than not only the
single gradient decent method but also the single CMA-ES in the
experiments.

Categories and Subject Descriptors
I.5.1 [Pattern Recognition]: Models – statistical; G.1.6
[Numerical Analysis]: Optimization – Global optimization; I.2.6
[Artificial Intelligence]: Learning – parameter learning

In this paper, we explore the combination of the evolution
strategy and the gradient decent method under a new
discriminative learning framework of Bayesian classifiers, SOFT
Target based Max-Min posterior Pseudo-probabilities (SoftMMP), which was developed by us in the previous work [5]. SoftMMP has shown its effectiveness in the application to character
recognition [5], where the traditional gradient descent
optimization algorithm is used. In this work, the Soft-MMP is
strengthened by the evolution strategy which is a main branch of
evolution algorithms and particularly well suited for real-valued
optimization problem encountered in Soft-MMP. We consider the
currently popular Covariance Matrix Adaptation Evolution
Strategy (CMA-ES) [14, 15, 17, 30] and combine it with the
original gradient descent algorithm to improve the effectiveness
and efficiency of Soft-MMP learning. The main idea is to adjust
the weighted mean of the parent population in each generation of
the CMA-ES by using the gradient descent. In this way, the
advantages of CMA-ES and gradient descent are merged. On one
hand, the local optimum can be escaped by multi-point stochastic
search. On the other hand, the convergence speed can be
improved by exploiting the gradient information. The
combination of CMA-ES and gradient descent has been explored
for function optimization by Auger et al [1]. To our best
knowledge, the work discussed in this paper is the first one of
applying the combination of CMA-ES and gradient descent to

General Terms
Algorithms

Keywords
Discriminative learning, Evolution strategy, Gradient descent,
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1. INTRODUCTION
In the last two decades, discriminative learning has become a
major theme in statistical pattern recognition research and
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where κ and β are positive numbers. For any input pattern, we
compute the corresponding posterior pseudo-probabilities of all
the classes under consideration. Then the input pattern is
classified as the class C * with the maximum posterior pseudoprobability, i.e.

discriminative learning. Furthermore, our combination method is
different with that developed by Auger et al [1], where a dynamic
criterion is designed to choose the covariance matrix update
method between that based on a quadratic approximation of the
target function and the original CMA. The covariance matrix
update method could vary with different target functions.
Oppositely, we integrate the gradient descent into the CMA-ES to
get a single optimization process which is uniform for all the
target functions.

C * = arg max f ( p (x Ci )) .

According to Eq. 1, the posterior pseudo-probability is in direct
proportion to class-conditional probability density, so the
posterior pseudo-probabilities based classifier is consistent with
traditional Bayesian counterpart. However, the values of posterior
pseudo-probabilities for making classification decision are in
[0,1] , by introducing which the discriminative learning
approaches such as MMP [4] and Soft-MMP [5] can be developed
for Bayesian classifiers. Furthermore, the posterior pseudoprobability is useful for (1) making rejection decision, (2)
combining classifiers, and (3) assessing the performance of a
classifier in a much more accurate way than that of counting the
number of patterns classified correctly [4].

We evaluate the Soft-MMP with the proposed hybrid optimization
approach through the experiments of handwritten digit
recognition, which were conducted on the well-known
CENPARMI database of handwritten digits [29]. In the work of
Liu et al [21], the state-of-the-art techniques of handwritten digit
recognition, including features and classifiers, is thoroughly
investigated on the CENPARMI database. They reported the best
error rate of 0.95% on the test set of the CENPARMI database,
which is obtained by using 8-direction gradient features
(abbreviated to e-grg there) and the classifier of either SVM with
RBF kernel or Discriminative Learning Quadratic Discriminant
Function. Using the same features by courtesy of Liu under the
Soft-MMP framework with the proposed hybrid optimization
approach, we achieved the better error rate of 0.75% on the test
set. This result also outperforms other up-to-date results reported
on the CENPARMI database via various features and classifiers.
Furthermore, we compared three optimization schemes for SoftMMP in the experiments: (1) only gradient descent used, (2) only
CMA-ES used, and (3) the hybrid of them. Experimental results
show that the CMA-ES behaved better than the gradient descent,
but worse than the hybrid one. Compared with the single gradient
descent and the single CMA-ES, the hybrid scheme brings more
effectiveness and more efficiency. The error rate on the test set is
decreased from 1.05% (gradient descent) and 0.85% (CMA-ES)
to 0.75% (hybrid), respectively. The average training time is
decreased from 2133 seconds (gradient descent) and 2340 seconds
(CMA-ES) to 1856 seconds (hybrid), respectively.

In Soft-MMP learning method [5], two adaptive soft targets of
posterior pseudo-probabilities for positive samples and negative
)
samples of each class are defined. Let H and H be two adaptive
soft targets which take values in [0,1] , Λ be the set of unknown
parameters learned by Soft-MMP, x̂ and x be the feature vector
of arbitrary positive and negative sample of the i -th class,
respectively, then the empirical loss of the classifier on positive
samples and negative samples of the i -th class are measured as

f p x Ci < H
,
f p x Ci ≥ H

L( Λ) =

(

(
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1 m ˆ2
1 n 2
ˆ
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where d = Hˆ − H , and ω is a weight to control the tradeoff
between the empirical loss and the difference between two soft
targets.

then the posterior pseudo-probability of being Ci for x is
computed as

))

))
))

F ( Λ) = ω (1 − d ) + (1 − ω ) L( Λ) ,

be the class-conditional probability density function,

f p x C i = 1 − exp − κp β x C i ,

))

((
((

The objective of Soft-MMP is to minimize the empirical loss and
)
maximize the difference between H and H , which can be
formally given by

Soft-MMP is developed to learn posterior pseudo-probability
based classifiers, a new kind of Bayesian classifiers. Posterior
pseudo-probability based classifiers have been successfully
applied to text extraction, image retrieval, and digit recognition [4,
5, 6, 23]. Let x be a feature vector, Ci be the i -th class,

((

⎧⎪0
,
l ( x ; Λ) = ⎨
⎪⎩ f p x C i − H ,

(3)

respectively. Let m and n be the number of positive samples
and negative samples of the i -th class in the training set, then the
total empirical loss L( Λ) for the i -th class is

Here we briefly introduce the Soft-MMP learning framework. The
reader is referred to our papers for more details [4, 5, 6].

)

f ( p (xˆ C i )) > Hˆ
,
f ( p (xˆ C i )) ≤ Hˆ

((

2. Soft-MMP

(

⎧⎪ 0
,
lˆ( xˆ ; Λ) = ⎨
ˆ
⎪⎩ H − f ( p (xˆ C i )),
and

The rest of this paper is organized as follows. Section 2 briefly
introduces the Soft-MMP learning framework of Bayesian
classifiers. Section 3 presents the hybrid optimization approach
for Soft-MMP. Section 4 discusses the application of our
approach to handwritten digit recognition and the corresponding
experimental results. We give our conclusions in Section 5.

p x Ci

(2)

Ci

Consequently, the task of Soft-MMP is to find out the optimum
parameter set Λ∗ by minimizing F ( Λ) :

(1)
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Λ∗ = arg min F ( Λ) .

C ( g ) = B ( g ) D ( g ) (B ( g ) D ( g ) ) .
T

(7)

Λ

The columns of the orthogonal matrix B ( g ) are the normalized
eigenvectors of C ( g ) , and D ( g ) is a diagonal matrix with the
square roots of the corresponding eigenvalues.

In this work, we insert a data selection component into original
Soft-MMP learning process. The data is dynamically selected
with soft targets to reduce the overfitting and accelerate the
training speed. Actually, the data for which the posterior pseudoprobability has distinctly exceeded the corresponding soft target
will be temporarily removed from the training set in certain times
of training iterations.

After the offspring is generated by using Eq. 9 and the next parent
population is formed by selection, the covariance matrix C ( g )
and the global step size σ ( g ) are updated. For the covariance
matrix, we have:

3. Optimization Algorithms
3.1 Gradient Descent Algorithm

pc( g +1) = (1 − cc ) pc( g ) + Hσ( g +1) cc (2 − cc )

In gradient descent algorithm, the following iterative equation is
used to update the parameters in Soft-MMP:

Λt +1 = Λt − α t ∇F ( Λt ) ,

C ( g +1) = (1 − ccov )C ( g ) + ccov

(8)

( g +1)

where p c
In this work, the widely used Covariance Matrix Adaptation
Evolution Strategy (CMA-ES) is introduced to optimize
parameters in Soft-MMP. Different from traditional ES, CMA-ES
update the parameters in ES by exploiting information conveyed
by sequences of successful mutations. It has been shown that
CMA-ES not only improve the convergence speed, but also
reduce the required population size [14, 15, 17, 30].

yk
where σ

(g )

= y

w

+σ

is a global step size, y

the μ best offspring, i.e.

y
and

B D zk ,
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(

)

E N (0, I ) , and

0 otherwise, μ cov balance the rank-one and rand- μ updates.
For the global step size, we have:

pσ( g+1) = (1−cσ ) pσ( g) + cσ (2−cσ )B( g) D( g) B( g)
−1

σ
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where d σ decouples the adaptation rate from the strength of the

(

E ( N(0, I ) ) ≈ s 1 − 1 4s + 1 21s 2

variation,

)

is the expected

length of a random variable distributed according to N (0, I ) ,

μ eff = 1

(9)

∑

μ

i =1

u i2 is the variance effective selection mass, and cσ

controls the update of pσ .

is the weighted mean of

3.3 Hybrid of CMA-ES and Gradient Descent

= ∑ u i y i:λ ;
(g )

The main advantage of evolution algorithms is the ability of
escaping from the local optimum by multi-point stochastic search.
However, the efficiency of evolution algorithms is not always
satisfactory. It is well known that the direction of generating the
offspring is directly related to the convergence speed of evolution
algorithms. The gradient has an important property that at any
point in search space, it always points to the direction of the
maximal increase of the objective function. So it is possible to
speed up the search process of evolution algorithms by integrating
the gradient descent into the evolution algorithms. In this way, the
advantages of evolution algorithms and gradient descent can be
merged. On one hand, the local optimum can be escaped by multipoint stochastic search. On the other hand, the training speed can

(10)

i =1

(

), (13)

(g )

is the evolution path, cc is the learning rate for the

pσ( g +1) < (1 .5 + 1 n − 0 .5 ) 1 − (1 − cσ

In the following, we describe the CMA-ES proposed in [14, 15,
17, 30]. In essence, CMA-ES is a kind of real valued (μ , λ ) -ES
in which λ offspring are generated and μ best of λ offspring
are selected to form the next parent population. Each individual
represents a real valued object variable vector. The main feature
of the CMA-ES is to generate the offspring by two characteristic
variation operators, weighted recombination and additive
Gaussian mutation. Let y k( g ) ∈ ℜ s be the k -th offspring in
generation g , then we have
(g ) (g )

− y

)

(g )
w

w

rank-one update, c cov controls the update of C ( g ) , H σ( g +1) = 1 if

3.2 CMA Evolution Strategy

(g )

(

pc( g +1) pc( g +1)

( g +1)

)

F ( Λt ) with respect to the parameters in Λt .

(g )

σ

(g )

(

th iteration, respectively， ∇F ( Λt ) is the partial derivatives of

(g )

1

μcov

(y

μeff

⎛
1 ⎞ μ ui
⎟∑
y ( g +1) − y
+ ccov ⎜⎜1 −
⎟
( g ) 2 i:λ
μ
cov ⎠ i =1 σ
⎝

where Λt and α t are the parameter set and the step size in the t -

( g +1)

(12)

)

B ( g ) D ( g ) z k( g ) ~ N 0, C ( g ) .

(11)

In Eq. 11, the z k( g ) ~ N (0, I ) are independent realizations of a
normally distributed random vector with zero mean and
covariance matrix equal to the identity matrix I , and the
covariance matrix C ( g ) is a symmetric positive matrix with
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be accelerated by exploiting the gradient information of objective
function. Based on this idea, we present a hybrid approach of
CMA-ES and gradient descent for Soft-MMP learning in this
section.

Table 1. Soft-MMP Algorithm with Our Hybrid Optimization
Approach
Initialization
Given an initial parameter set Λ of Soft-MMP, arrange
parameters in Λ in fixed order to form the initial
genotype.

According to Eqs. 9-16, the offspring generation of CMA-ES is
(g )

determined by three parameters: the weighted mean y

w

, the

covariance matrix C ( g ) , and the global step size σ ( g ) . But both
the covariance matrix and the global step size are adjusted based
on the previous evolution path of the weighted mean. It means
that the weighted mean is crucial for the efficiency of CMA-ES.
(g )

y

Thus we adjust the weighted mean

q

(g )
w

= y

(g )
w

along the gradient

w

direction of objective function to obtain

(

− α∇F y

(g )
w

Repeat

),

(17)

1.

Generate λ offspring based on Eq. 18.

2.

Compute fitness of each offspring using Eq. 6.

3.

The μ individuals with best fitness were selected

where α is a constant step size for balancing the influence of
gradient and stochastic information. The appropriate α is
selected by experiments in this work. q

(g )
w

to form the new parent population.
4.

is then used to

generate the offspring and update the covariance matrix C ( g ) and

(g )
w

+ σ ( g ) B ( g ) D ( g ) z k( g ) ,

μeff

pc( g +1) = (1 − cc ) pc( g ) + Hσ( g +1) cc (2 − cc )
C

( g +1)

= (1 − ccov )C

(g )

+ ccov

1

μcov

( g +1)

pc

σ (g)

(18)

( g +1)
w

− q

(g)
w

),

5.

pσ( g+1) = (1− cσ ) pσ( g) + cσ (2 − cσ )B( g) D( g) B( g)
−1

T

is computed from the

Update the covariance matrix C ( g ) and global
step size σ ( g ) using Eq. 20 and Eq. 16,

(19)

respectively.

T

c

(

w

adjusted according to Eq. 17.

(p )
( g +1)

⎛
u
1 ⎞
⎟∑ i 2 yi(:gλ+1) − q
+ ccov ⎜⎜1 −
⎟
(g )
μ
cov ⎠ i =1 σ
⎝
μ

(q

(g )

new parent population by using Eq. 10 and

the global step size σ ( g ) . That is to say, Eqs.9, 13-15 will be
rewritten as

y k( g +1) = q

The weighted mean y

(g )
w

)(y

( g +1)
i:λ

− q

(q

( g+1)

μeff
σ ( g)

w

(g )
w

)

,

Until convergence or the maximum generation times is reached.

(20)

T

( g)

Let

ε

be an infinitesimal, then the convergence condition is

max{F( yi )}− min{F( yi )} ≤ ε, i =1Lλ .

)

− q w , (21)

respectively.

4.1.1 Digit Modeling and Learning

According to Eqs. 17-21, the Soft-MMP learning algorithm with
the proposed hybrid optimization approach is summarized in
Table 1. The whole procedure of Soft-MMP learning is to
perform this algorithm for all the classes under consideration.

The 8-direction gradient features of Liu et al. [22] (abbreviate egrg there) are used to represent digits in the experiments. In this
paper, the original 200-D e-grg is compressed to 100-D by the
Principal Component Analysis (PCA) method to reduce the
computation cost.

4. Experimental Evaluation

The feature vectors extracted from the instances of each digit
class is assumed to be of Gaussian Mixture Model (GMM). Let k
be the number of Gaussian components in the GMM, wk , φk ,

In order to evaluate the Soft-MMP with the proposed hybrid
optimization approach, we apply it to handwritten digit
recognition and conducted experiments on the well-known
CENPARMI database of handwritten digits [29].

and Σ k be the weight, the mean, and the covariance matrix of the
K

∑w

= 1 . Then we

p ( x C i ) = ∑ wk N ( x φ k , Σ k )

(22)

k -th Gaussian component, respectively.

k

k =1

have
K

k =1
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In the second stage, we used the Expectation-Maximization (EM)
algorithm on positive samples of each digit class to get the
Maximum Likelihood Estimation (MLE) of parameters in the
corresponding GMM model. We further set κ = 10 , β = 0.01 in
Eq. 1 and ω = 0.01 in Eq. 6 by careful experiments. It should be
noted that the EM algorithm was implemented using Torch
machine learning library [34].

where

N (x φk , Σ k ) = (2π )

−50

Σk

1
−
2

⎞
⎛ 1
T
−1
exp⎜ − ( x − φk ) Σ k ( x − φk )⎟ (23
⎠
⎝ 2
)

Σ k is further assumed to be diagonal for simplicity, i.e.,

[ ]

Σ k = γ kj

100
j =1

. In order to make this assumption reasonable, we

In the third stage, Soft-MMP with each of three optimization
algorithms, i.e. gradient descent, CMA-ES, and the proposed
hybrid algorithm, were used to find out unknown parameters in
Eq. 24. As a result, three classifiers based on posterior pseudoprobabilities were obtained. We implemented closed and open
tests of handwritten digit recognition by using each of these three
classifiers. Table 3 displays the error rates on the training set
(Train) and the test set (Test), as well as the reduction in the error
rate for the test set (Reduction_test), which is brought by the
hybrid approach compared with the single CMA-ES and the
single gradient descent, respectively. It should be noted that the
key parameters in CMA-ES were set to default values advised by
Hansen [14], which are listed in Table 4. Furthermore, we reduce
the computation cost of CMA-ES by updating B ( g ) and D ( g ) in
each 50th generation instead of in each generation, as that also
advised in [14]. The maximum number of iterations was set to
50000 for all the three optimization methods. For CMA-ES and
our Hybrid approach, we tried ten times of optimization and
selected the optimization result achieving the best recognition
accuracy, respectively.

use the orthogonal GMM to decrease the correlation among the
elements of the feature vector [33].
The unknown parameters in Soft-MMP learning of the classifier
described above are

Λ = {κ , β , wk , φk , Σ k , Hˆ , H }, k = 1,L, K .

(24)

Some parameters in Eq. 24 must satisfy certain constraints, which
are transformed to unconstrained domain for easier
implementation. The constraints and transformation of parameters
are listed in Table 2. In Table 2, τ is the preset minimum
variance value in the covariance matrices of GMM for avoiding
the estimation error caused by too small variance values. To sum
up, the transformed parameter set is

~
~ ~
~
Λ = {κ~ , β , w
k , φ k , Σ k , h1 , h2 }, k = 1, L , K .

(25)

We use the Soft-MMP learning algorithm with the proposed
hybrid optimization approach to estimate these parameters, and
then transform them into the original ones.

As shown in Table 3, our hybrid optimization algorithm obtained
the better result than the single gradient descent or the single
CMA-ES. Furthermore, the CMA-ES shows its superiority over
gradient descent. In the work of Liu et al. [21], state-of-the-art
techniques of handwritten digit recognition, including features
and classifiers, are thoroughly investigated on the CENPARMI
database. They reported the best error rate of 0.95% on the test set
for e-grg features by using either SVM with RBF kernel or
Discriminative Learning Quadratic Discriminant Function. SoftMMP with the CMA-ES or proposed hybrid optimization
approach both achieved better results on same features by
courtesy of Liu. Furthermore, we also collected other up-to-date
results on the CENPARMI database and compare them with ours
in Table 5. It shows that the performance of the Soft-MMP with
our hybrid optimization approach outperforms other state-of-theart techniques. The experimental results reported above
demonstrate that the combination of CMA-ES and gradient
descent is promising to solve optimization problems in
discriminative learning.

Table 2. The constrains and transformation of parameters in
Soft-MMP learning of digit classifier.
Original parameters
and constrains

0 < Hˆ < 1 ; 0 < H < 1

κ >0; β >0

Transformation of
parameters

Hˆ =

( )

~
κ = exp (κ~ ) ; β = exp β

γ kj > τ

∑w

1
1
;H =
1 + e − h1
1 + e − h2

γ kj = exp (γ~kj ) + τ
~

k

=1

e wk
wk =
~
∑ e wk

Table 3. Error rates from three optimization methods

4.1.2 Experimental results

Optimization
Methods
Gradient
Descent

We conducted the experiments of handwritten digit recognition on
the CENPARMI database [29], which includes 4,000 training
samples and 2,000 test samples.
The training process of our digit classifier includes three stages.
In the first stage, the number of components in the GMM for each
digit class was estimated by AutoClass, a clustering algorithm
with automatic determination of cluster number [2].
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Train (%)

Test (%)

Reduction_test(%)

0.200

1.05

28.57

CMA-ES

0.125

0.85

11.76

Hybrid

0.075

0.75

-

and 20.68% reduction in training time, compared with gradient
decent and CMA-ES, respectively.

Table 4. CMA-ES Parameter Setting
For Recombination and Mutation:

λ = 4 + ⎣3 ln (s )⎦ ,

u i′ = ln (μ + 1) − ln i , C

μ = ⎣λ 2⎦
(0 )

,

u i = u i′

∑

μ
i =1

u i′

,

=I

For Covariance Matrix Adjustment:

4
, μ cov = μ eff ,
s+4

pc(0 ) = 0 , cc =
c cov =

1

(

2

μ cov s + 2

)

2

⎛
2 μ eff − 1
⎛
1 ⎞
⎟⎟ min⎜1,
+ ⎜⎜1 −
2
⎜
μ
cov ⎠
⎝
⎝ (s + 2) + μ eff

⎞
⎟
⎟
⎠

For Global Step Size Adjustment:

⎛
μ eff − 1 ⎞⎟
μ eff + 2
d σ = 1 + 2 max⎜ 0,
− 1 + cσ , c σ =
,
⎟
⎜
s +1
s + μ eff + 3
⎠
⎝
pσ(0 ) = 0 , σ (0 ) = 0.5
Figure 1. The runs on the objective function of SoftMMP with CMS-ES or Our Hybrid Approach

Table 5. Error rates of different classification methods on
CENPARMI database
Method

Feature

Test (%)

Modular Neural
Network [26]

class dependent
features

2.15

Local Learning
Framework[9]

32 direction gradient
features

1.90

Neural Network[12]

random features

1.70

Virtual SVM [10]

32 direction gradient
features

1.30

SVC-rbf [22]

8 direction deslant
chaincode features

0.85

CMA-ES

e-grg

0.85

Our Method

e-grg

0.75

5. CONCLUSIONS
Until now, gradient-based methods are main optimization means
in the field of discriminative learning. Since the gradient-based
methods tend to get stuck in local optimum, the result of
discriminative learning is not always satisfactory. In this paper,
we introduce the evolution strategy into a new discriminative
learning framework of Bayesian classifiers, SOFT target based
Max-Min posterior Pseudo-probabilities (Soft-MMP). Our main
contributions are summarized as follows.
(1) A hybrid optimization approach of the Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) and the gradient decent
have been proposed, which combines the advantages of CMA-ES
and gradient descent. On one hand, the risk of getting stuck at
local optimum is decreased by multi-point random global search.
On the other hand, the convergence speed is accelerated by
exploiting the gradient information of objective function in
parameter evolution.
(2) The hybrid optimization approach has been applied to the
Soft-MMP and tested by handwritten digit recognition. A
corresponding handwritten digit classifier has been established,
which shows its superiority over other state-of-the-art techniques
in the experiments.

In order to analyze the convergence speed improvement brought
by the proposed hybrid approach, we recorded the optimization
results of single CMA-ES or our hybrid approach during the first
250 generations for each class, where the optimization result is
the best objective function value among the parent population.
The results are plotted in Fig. 1, which show that the convergence
of our hybrid approach is faster than the CMA-ES. By using our
hybrid approach, the objective value goes to 0.01 after average 60
generations. However, the average 200 generations are needed to
obtain the same objective value in the CMA-ES.

It should be noted that the power of evolution strategy has not
been fully exploited in this work, since all the algorithms are
implemented serially. In the future, we will investigate the
efficiency improvement of evolution strategy based
discriminative learning through parallel implementation. Another
future research direction is the applications of the proposed hybrid
optimization approach to other optimization problems, especially
to other discriminative learning methods. Furthermore, as some
reviewers suggested, we will perform statistical test to show the

We also recorded the average training time consumed by each of
three optimization methods, which is 2133 seconds, 2340 seconds,
and 1856 seconds for gradient decent, CMA-ES, and hybrid one,
respectively. It means that the proposed approach brought 12.99%

512

[9] Dong, J.X., Krzyzak, A., Suen, C.Y. 2002. Local Learning
framework for handwritten character recognition.
Engineering Applications of Artificial Intelligence, 15
(2002), 151-159.

significance of advantages of our approach and discuss the impact
and sensitivity of step size in Eq. 17 in the future.
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