Computers & Graphics 35 (2011) 992–1000

Contents lists available at ScienceDirect

Computers & Graphics
journal homepage: www.elsevier.com/locate/cag

Technical Section

Meshless quadrangulation by global parameterization
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Point cloud is a basic description of discrete shape information. Parameterization of unorganized points
is important for shape analysis and shape reconstruction of natural objects. In this paper we present a
new algorithm for global parameterization of an unorganized point cloud and its application to the
meshing of the cloud. Our method is guided by principal directions so as to preserve the intrinsic
geometric properties. After initial estimation of principal directions, we develop a kNN(k-nearest
neighbor) graph-based method to get a smooth direction ﬁeld. Then the point cloud is cut to be
topologically equivalent to a disk. The global parameterization is computed and its gradients align well
with the guided direction ﬁeld. A mixed integer solver is used to guarantee a seamless parameterization
across the cut lines. The resultant parameterization can be used to triangulate and quadrangulate the
point cloud simultaneously in a fully automatic manner, where the shape of the data is of any genus.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
Point cloud has been widely used in CAD and computer graphics
communities due to the availability of fast and accurate laser scan
devices. Usually there is no topological information in the raw scan
data. An amount of research work focuses on meshing the point
cloud while keeping the original surface geometry. Although most of
previous work can produce high quality triangular meshes, there is
little consideration about how to control the shape and orientation of
triangles in meshing the point cloud. On the other hand, more and
more recent work focuses on how to convert an unstructured
triangle mesh to a high quality quad mesh. Compared with a triangle
mesh, a quad dominant mesh is more preferred due to its tensorproduct nature desired in many applications, such as texturing,
simulation with ﬁnite elements and B-spline ﬁtting. And the quad
meshes following principal directions are particularly appealing in
modeling as they capture the symmetries of natural geometry.
However, most of the methods are only applicable to meshes with
explicit connectivity information. To get the quad mesh representation of a point cloud, a trivial way is ﬁrst converting the point cloud
to the triangular mesh with correct topology connection and then
adopting the quadrangulation method designed for a triangle mesh.
There are several problems about this straightforward approach:

 The conversion from a point cloud to a triangular mesh
consumes computational resources; this problem is more
critical when handling animation objects.
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 Some geometry information may be lost during the process


from a point cloud to a triangular mesh, such as the reconstruction method based on implicit form.
A large polygon mesh also requires more space to store, so that
this is not convenient to data transmission through network.

To overcome the above problems, we quadrangulate the point
cloud directly through a meshless global parameterization. In this
paper, we assume that the point cloud is uniformly distributed
and well sampled, similar to the data obtained through laser
scanners. Under this assumption, our key observation is that there
is no need to convert a point cloud to a triangular mesh before the
global parameterization. And then the resultant parameterization
can be used to triangulate and quadrangulate the point cloud
simultaneously in a fully automatic manner.
Our method is an extension of a global parameterization method
[1] and we show that it is sufﬁcient to quadrangulate a point cloud
only utilizing its kNN graph which is widely used in geometric
processing of point cloud. We design a smooth direction ﬁeld across
the point cloud and then calculate a global parameterization
aligning well with the direction ﬁeld. During those two stages of
the algorithm we use only the connection information of kNN graph
to measure smoothness of direction ﬁeld on point cloud and
compute the global parameterization. The advantage over the
traditional way is that the resultant parameterization can be utilized
to reconstruct a triangular mesh and a quad mesh at the same time
and thus reduces the overall computation cost.
Our main contributions can be summarized as follows:

 A kNN graph-based algorithm to construct smooth direction
ﬁeld on point cloud with main geometric feature alignment;
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 An extension of global parameterization method from a


triangle mesh to a point cloud;
Applications of the parameterization in triangle meshing and
quad meshing.

2. Related work
Quad remeshing. Much work has been developed on quadrangulation of mesh models due to their wide advantages in various
application ﬁelds. More details can be found in [2]. Here we only
review the most related work.
Alliez et al. [3] remesh a triangular mesh into a quad dominant
mesh by ﬂattening it onto a 2D parametric plane via a discrete
conformal parameterization and then by intersecting lines of
curvature properly integrated in the plane. Marinov and Kobbelt
[4] improve this method by directly integrating lines of curvature
on the triangular model, so that it can be used on a surface of
arbitrary genus. Dong et al. [5] build a harmonic scalar ﬁeld, and
the gradients of this ﬁeld provide a smooth vector ﬁeld for
quadrilateral remeshing. Dong’s method generates a more regular
mesh but sacriﬁces feature alignment.
Another efﬁcient way of quadrangulation is to decompose a
mesh model with complex shape into several patches, and then to
convert them into quadrilaterals, respectively. Boier-Martin et al. [6]
propose a clustering-based method to decompose the surface. Dong
et al. [7] construct the Morse–Smale complex of Laplacian eigenfunctions to form a quadrangular base mesh. The function distributes extrema evenly across a mesh surface and thus the ﬁnal
quadrilateral result is well shaped and with few singularities.
However, the feature alignment is not guaranteed. Tong et al. [8]
use a singularity graph to control the alignment and design the
quadrangulation with discrete harmonic forms to create quads.
Based on their work of [7], Huang et al. [9] propose a controllable
spectral method to remesh a triangular mesh. By enforcing orientation and alignment constraints upon Laplacian eigenfunctions,
better feature alignment is generated. Recently, the work in [10] is
able to remesh a surface into anisotropically sized quads based on
standing wave construction and quasi-dual MSC extraction [7].
Global parameterization has proven to be another useful tool for
quadrangulation. In [11] a periodic global parameterization guided
by principal directions is proposed to parameterize the input
triangular model. Then the quadrilateral mesh can be obtained by
tracking the iso-lines in the parameterized domain. This method
generates a high quality quad dominant meshes automatically with
little user interaction. In [12], they convert a given frame ﬁeld into a
single vector ﬁeld on a branched covering space. Then the surface is
cut and a global parameterization guided by the frame ﬁeld is
calculated to produce a quadrilateral mesh.
While all of the mentioned methods are performed on mesh
data, the research is scarce yet on how to design a quadrangulation of point cloud. Kalogerakis et al. [13] extract lines of
curvature from a noisy point cloud and these lines then can be
used for the direct reconstruction of a quad dominant mesh. This
method, similar to that in [4], inspires our method for direct
quadrangulation of pure point cloud data.
Meshless parameterization. While much work has been done on
mesh parameterization, there is only a little work focusing on
meshless parameterization. Some basic methods were discussed in
Floater and Reimers [14] to parameterize unorganized point sets.
These methods yield good results on the point surfaces with disk
topology. In [15], spherical parameterization is applied to mesh a 3D
point cloud to a manifold genus-0 mesh. Tewari et al. [16] extend the
work of Gu and Yau [17] to parameterize genus-1 point set surface
using discrete one-forms. More generally, Guo et al. [18] realize
global conformal parameterization on a point set surface and apply
the parameterization on thin-shell simulation.
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3. Background work and overview of algorithm
Our approach performs global parameterization directly on a raw
and noisy point cloud, and then the resultant parameterization is
used to construct a curvature-aligned quad mesh. Here we ﬁrst give
a brief introduction about the work [1] and then show the overview
of our adaptations. The quadrangulation of a triangle mesh consists
of two main steps: direction ﬁeld construction and global parameterization. In the ﬁrst stage, a set of salient directions are selected
by measuring their relative anisotropy, and then a smooth direction
ﬁeld that take these directional constraints into account is solved in
terms of a mixed integer problem. In the second stage, the mesh is
cut into a disk-like surface with all singularities lying at the
boundary. Subsequently two scalar ﬁelds whose gradients follow
the direction ﬁeld is computed as the ﬁnal parameterization. Two
compatibility conditions across boundary are incorporated into the
parameterization as linear constraints to guarantee a seamless
global parameterization: ﬁrst, the mismatch between parameter
values across the cut edge should be integer; second, the gradients
of parameter values meet the rotations by multiples of p=2.
Additionally, to make a pure quad mesh, the singularities are
required to be at integer locations.
To provide a robust and ﬂexible framework for quadrilateral
meshing of a point set surface, our algorithm proceeds in three steps.

 First, we estimate the curvature tensor of each point to deduce



two principal directions, and we smooth these direction ﬁelds
globally to make the directions more consistent (Section 4).
Second, we deﬁne an energy function and compute two scalar
functions by minimizing this energy so as to make gradients of
scalar functions best ﬁt the principal directions (Section 5).
Finally, a quadrilateral mesh is constructed according to the
parameterization obtained in the second step (Section 6).

We will describe in detail how we do in the ﬁrst and second
steps on a point cloud, and the experiment results will be shown
and analyzed in Section 7.

4. Direction ﬁeld construction on point cloud
Principal directions serve as a good start to construct the
direction ﬁeld, but the question is that we can usually get highquality estimation of principal directions in a curved surface region
and the principal directions are not reliable in a ﬂat one so that the
corresponding estimation is less meaningful for our purpose. Our
idea for this is deﬁning the directions in these areas by smoothing
the direction ﬁeld globally. For the point cloud the difﬁculty is how
to measure the smoothness of the direction ﬁeld and identify
singularities since the face-based method is not suitable here. In
this section we address this problem by utilizing kNN graph.
Smoothness on kNN graph. For a point set surface, a variety of
methods have been developed to calculate curvature tensor as
accurate as possible. We only use the direction ﬁeld to reﬂect the
rough geometric features, so a common method is accurate
enough. Here we adopt normal ﬁtting method [19] to estimate
the normal and curvature tensor on each point.
The smoothness of a direction ﬁeld should reﬂect the continuous variations of directions on nearby points. So we employ
the concept of parallel transport [20] in differential geometry on
the kNN graph of the point cloud. Let p and q be two points on the
point set surface, and let Vp and Vq be two vectors on p and q,
respectively, Tp and Tq be the projections of pq to the tangent
plane at p and q. Then Vp is said to be equivalent to Vq if the angle
between Vp and Tp is equal to the angle between Vq and Tq .
According to this deﬁnition we measure the smoothness of the
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direction ﬁeld as follows:
X
ððbi bj Þ þ ai aj þnp=2Þ2
Esmoothing ¼

ð1Þ

eij

Here eij is an edge of the kNN graph, ai is what we want to solve
which denotes the unknown angle between the smoothed principal direction Ki and a reference direction Ri in the tangent plane
of the vertex i, and bi represents the angle between the projection
of edge eij into the tangent plane Hi and the reference direction Ri ,
n is an integer variable corresponds to the period jump [1].
Along with this deﬁnition, we can construct a smooth direction
ﬁeld by minimizing the energy of Eq. (1). We follow the cross ﬁeld
generator in [1], salient directions are detected and for each salient
direction we calculate the angles a0 between the original curvature
direction K0 and reference direction R. During the smoothing the
salient directions are preserved by taking constraints a0 ¼ a into
Eq. (1). Fig. 1(a) speciﬁes deﬁnition of those parameters on vertex i. If
the direction at vertex i is salient direction, then Ki ¼ K0i .
Fig. 1(b) illustrates the positions of constraint points on the car
model, notice that they mainly located on the feature lines.
Singularities. Singularities are important during the quad
meshing since each singularity should remain to be a vertex to
get a pure quad mesh. The method to identify singularities for
triangle surface is not suitable here and we refer to another direct
method. Singularities can be classiﬁed by their indices:
Z
1
IðpÞ ¼
dy
ð2Þ
2p @DðpÞ
where DðpÞ is a small neighborhood of p containing no other
singularities, and y is the angle between a direction vector and a
ﬁxed reference vector. In 3D case, the work in [21] extend this
deﬁnition using turning number and then the index can be
expressed with period jumps n calculated in Eq. (1). These two
deﬁnitions are consistent and the reason for utilizing period
jumps is that it lacks reference direction to deﬁne y in R3 for

Fig. 2. Identiﬁcation of singularities. (a) Cluster of neighboring singularities (green
points); in (b) only the points with largest singularity index left as singularities,
and the direction ﬁeld is reoriented after cutting (cut lines are shown in blue).
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

the deﬁnition of Eq. (2). However, we simplify the computation by
pulling back the ﬁeld back to the tangent plane of point p, which
does not alter the qualitative of the vector ﬁeld [22].
Speciﬁcally, we ﬁrst project the neighboring points of p and
the associated vector ﬁeld to its tangent plane, and sort the
neighboring points on the tangent plane in a ﬁxed orientation
(clockwise or anticlockwise), then the direction at one point is
selected as the reference direction, and the directions at other
points are reoriented by applying rotations of multiples of p=2 to
align with the reference direction. Finally, the index is computed
by calculating the total number of clockwise rotations that the
vector ﬁeld of neighboring points undergoes in the sorted order.
For the purpose of quadrangulation, the index of singularities IðpÞ
is 14 or 14, and regular vertex has index zero.
Since singularities are detected locally in the kNN neighborhood
of each point, a cluster of neighboring singularities may arise
because one single singularity is detected more than once in its
neighborhood region. In our case, we adopt a simple but effective
approach in practice to handle the clusters. If both of the neighboring points in the kNN graph are singularities we chose only the point
with larger singularity index as the singularities in practice. And
when more than two singularities are found in a cluster, we detect
connected singularities and keep only one singularity with the
largest singularity index per cluster (Fig. 2). For the goal of global
parameterization, singularities are used to guarantee a zero rotation
direction ﬁeld after cutting the point cloud (details in Section 5), and
through our experiments we ﬁnd the simple approach to handle
clusters is sufﬁcient to meet this demand in global parameterization.
5. Meshless global parameterization
The global parameterization of a point cloud guided by a
vector ﬁeld is reduced to minimize an orientation energy:
X
2
F¼
jjhruKp jj2 þ jjhrvK?
ð3Þ
p jj
p

Fig. 1. Direction ﬁeld smoothness. (a) Measuring direction ﬁeld smoothness along
each edge; (b) constrained points (green) are shown on the car model.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

here p represents a vertex of the point cloud, Kp and K?
p denote its
two orthogonal directions in the direction ﬁelds, h controls the
expected edge length of the ﬁnal quad mesh. Our basic idea follows
[1], but the actual implementation is quite different. We will describe
the key modiﬁcations which are specially designed for meshless
parameterization on a point cloud and then present the whole
algorithm explicitly.
Cutting the point cloud. In order to get a global parameterization,
we need to cut the point set surface topologically equivalent to a
disk. We use the method based on Morse theory [18]. After
computing homology basis using fair Morse function, we cut the
point set surface along the basis and get disk-like surface patch. Then
we connect the singularity to the cut graph using Dijkstra’s shortest
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path algorithm. Here, cutting is virtually performed since there is not
real topological operations on the point cloud; in fact we only record
the points on the cut lines and their connection information.
Approximating the gradient. Generally, given a scalar function u
deﬁned on a point cloud, the gradient of p can be estimated by
minimizing the following error:
X
ðuq up rup  ðpqÞÞ2
ð4Þ
q A NðpÞ

where NðpÞ is a collection of p’s neighboring points. Ideally,
according to Eq. (3), rup should be equal to Kp , this means the
minimization of Eq. (3) is formulated as
X X
F¼
ðuq up Kp  ðpqÞÞ2
ð5Þ
p q A NðpÞ

which can be expressed further as the sum of a kNN edge-based
energy:
X
F¼
ðuq up Kp  ðpqÞÞ2
ð6Þ
pq

We simplify it by averaging the two energy corresponding two
edges ðp,qÞ and ðq,pÞ as one:
X
F¼
ðuq up 0:5  ðKp þKq Þ  ðpqÞÞ2
ð7Þ
pq

Here ðp,qÞ is treated as an undirected edge instead of the direct
one in Eq. (6). This discretization allows us to optimizing Eq. (3)
by solving a sparse linear system.
Discontinuity on cut line. The point set is cut along the cut graph, so
we must take care when deﬁning the gradients of the points near an
cut edge. The reason for this is the kNN graph constructed in the last
section is no longer appropriate after cutting since two points across
the cut line should not be incorporated into Eq. (7). Hence an update
of the kNN graph is required to discard those connections across a cut
line. Speciﬁcally, given one point p near the graph line and for each
neighboring point q, if line segment pq intersects the graph line, then
q is discarded to avoid the discontinuity. To detect the intersection
efﬁciently, we use a way similar to the visibility criterion for
modeling discontinuities in meshless animation [18]. The cut lines
with normals of the vertices on cut lines can be viewed as an
approximation of a boundary surface, each segment in the cut line
equipped with a normal which is deﬁned as the average normal of its
two endpoints determines a part of plane (formed by translating the
segment through the normal), if the ray connecting p and q intersects
these planes, then line segment pq is discarded. Fig. 3 shows the
reﬁnement of the neighborhood relations.
Implementation details. In this section we will give the complete
process of our meshless global parameterization. First, we cut the
point set surface and connect singularities to the cut lines and then
the kNN graph is reﬁned to avoid discontinuity across cut line. Next
the principal directions are reoriented. We start at a random point

Fig. 3. Reﬁnement of the neighborhood relations near the cut line (red). Notice
that the cross line segments (blue) in (a) are discarded in (b). (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

Fig. 4. Specify the direction associated with point on the cut line. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this article.)

and propagate its orientation in a bread ﬁrst manner to all the
neighboring points. However, we do not process the directions of
points on cut lines since we only cut the point set surface virtually.
Speciﬁcally, when one point on the cut line is visited, we skip it and
continue to the next. After this we can get a zero-rotation direction
ﬁeld across the point cloud except for the points on cut lines. Finally
we are able to assemble the global linear system for u and v of the
point cloud. Two linear equations are created for each edge according
to Eq. (7). Particular care should be taken when the end points of an
edge are on cut line since the directions of the end points on cut line
need to be reoriented. In fact, a point on the cut lines is split to two
points with parameter values ðu þ ,v þ Þ and ðu ,v Þ, respectively.
Speciﬁcally, for a point on the cut line, we divide its neighboring
points into two categories according to the sorting order that has
been calculated during the identiﬁcation of singularities. Then we
determine the direction of cut line point by comparing its direction
with the other end points. If the cut vertices locate where more than
two cut edges meet, the point has to be split as often as different
sectors exist. The neighboring points are divided into more than two
categories accordingly.
As shown in Fig. 4, point p is on the cut line (green line) and
split to two points p þ and p . Its neighboring points are divided
into two categories (the red ones and the blue ones) except those
on the cut line. Let K þ and K represent the directions on these
two categories, respectively, and the original direction on p is Kp ,
then the corresponding directions of p þ and p are determined
by comparing Kp with K þ and K , respectively, namely Kp is
allowed to rotate multiples of p=2 to align with K þ and K .
Algorithm 1. Construct the matrix of linear system Gu ¼B.
foreach Edge ðp,qÞ in the kNN graph do
6
6 r’index of edgeðp,qÞ;
6
6 case 1 : neither p nor q is on the cut line
6
6
6  s’index of p;
6
6  t’index of q;
6
6
6  ou ¼ ðKp þ Kq Þ  ðpqÞ;
6
6  G½r,s ¼ h; G½r,t ¼ h; B½r ¼ o ;
u
6
6
6 case 2 : either p or q is on the cut line
6
6
6
// assume p is on the cut line
6
6  decide p þ or p ;
// assume p þ
6
6
þ
6  s’index of p ;
6
6  t’index of q;
6
6
6  ou ¼ ðKp þ þKq Þ  ðp þ qÞ;
6
6  G½r,s ¼ h; G½r,t ¼ h; B½r ¼ o ;
u
6
6
6 case 3 : both p and q are on the cut line
6
6
6  For each pairðp þ ,q þ Þ and ðp ,q Þ do case
4
 1;
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The vector ﬁeld may jump across the cut lines, so compatibility
conditions for the parameter values of the points on the cut lines
should be incorporated into as linear constraints to guarantee a
global contouring of u and v results. Take Fig. 4 as an example, we
enforce the continuity of the parameterization values at p by
deﬁning:

ðpuþ ,pvþ Þ ¼ Rot ip=2 ðp
u ,pv Þ þ ðj,kÞ

ð8Þ
i

here (j,k) are integer values and Rot p=2 denotes the rotations of the
vector ﬁeld from p to p þ . Additionally singularities are also
constrained to be integer to get a pure quadrangulation. In fact,
the continuity across cut lines is enforced in the same way as that
in [8]. They use singularity graph to cut the mesh and control the
orientation of parameterization, the cut lines in our case play the
same role only with the difference that the orientation of
singularity graph in [8] is replaced with the guidance of direction
ﬁeld.
Algorithm 1 describes the details to construct the linear
system corresponding to gradient value u. Here r denotes the
index of edge ðp,qÞ. The index is initialized before constructing the
matrix by enumerating all of the edges in the kNN graph (notice
that the edges which lie in the cut line will be enumerated twice),
and h denotes the same parameter in Eq. (3). Considering both u
and v, the dimension of the matrix G contains all of the
parameterize value u,v and the variables (j,k) in Eq. (8). However,
when constructing the matrix G as in Algorithm 1, there is no
equations about (j,k). The variables (j,k) are taken into account by
assembling Eq. (8) into another linear system as constraints. Then
it is combined together with the linear system in Algorithm 1 and
Gauss elimination is used ﬁrst to remove redundant constraints.
Finally, u,v and the remained (j,k) after Gauss elimination will be
solved. As we mentioned above, the parameterization value u,v of
singularities and all of the (i,j) are integer variables which makes
the global parameterization a mixed integer optimization problem. Fortunately, the mixed integer optimization framework in
[1] provides us an easy and efﬁcient tool for performing the above
process and solving the mixed integer problem.

parameterization domain near the singularities and the parameterization results are not consistent across the cut line (as shown
in Fig. 6), so the whole process is unable to complete by
triangulating all of the points at once.
Instead, for each point we apply Delaunay triangulation to the
k nearest points and then only adopt the triangles incident in this
point to build the 3d triangle surface. We chose k ¼ 20 in our
experiments. This eliminates the incorrect triangulation results
when the parameterization domain of two patch overlap. Since
we use a global 2D parameterization value to triangulate the
point set, these one-ring triangular patches are compatible. But
some overlapped triangles still exist across the cut line due to the
inconsistent of parameterization result in these regions. To reduce
the inconsistent triangles we ignore the triangles incident to the
vertices on cut line when adopting the 2D triangles to 3D surface.
We then check the overlapped triangles in this area and greedily
remove the redundant triangles if more than two triangles share
one edge. Actually this case only exist near the cut line and the
number of triangles to be checked is very small, so the whole
process can be completed quickly. The removing of redundant

6. Meshing
After the former processing, the point model can be meshed
directly into a triangular mesh or a quad mesh.
6.1. Triangle meshing
Extracting iso-lines is easy to implement on triangle surfaces,
while it is difﬁcult to do this directly on the point set surface with
only kNN graph connection relations. However, the parameterization results provide us a good start to construct the triangle
surface. The basic idea is triangulating the points in the parameter
domain and then build the triangle surface according to the 2D
triangle structure. Since there may be overlapped areas in the 2D

Fig. 6. Comparison between MP and our method MIQP on the car model. Upper
line shows 2d parameterization result after cutting the model to disk-like
topology, red line shows border and green points on the top left ﬁgure demonstrate position of singularity. Lower line display the corresponding triangle surface
reconstruction result. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

Fig. 5. Removing of inconsistent triangles near cut line (red lines), green points are singularity. The non-manifold triangles in (a) are removed in (b) with a few holes. In
(c) the small holes are all ﬁlled. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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triangles guarantees a manifold triangle surface but may cause a
few small holes, which are then ﬁlled by simply triangulating the
polygon formed by the hole boundaries. Fig. 5 gives an example
about the whole process.
The goal of this paper is to construct a quad mesh from
unorganized point sets, however, thanks to the good characteristic of the parameterization results, we can get high quality
triangle surfaces at the same time. This is another advantage of
our method. Floater’s method (MP) [14] is simpler to implement,
however, they cannot handle point set with complex shape. We
employ both of the methods to the same point set surface after
cutting, as shown in Fig. 6, the method in Floater and Reimers [14]
induces large distortion and the reconstruct result has many
overlapped triangles. Our method (MIQP) provides much better
result. This is not strange since we do not need to constrain the
boundary position to be a ﬁxed square or a circle.
6.2. Quad meshing
Quad meshing is straightforward after we get a triangle surface reconstruction. The iso-lines are extracted and their intersections produce new vertices of the quad mesh which are
connected according to the sequence of iso-lines. Due to the
orthogonality of iso-lines, the quad meshes show high quality and
most of them are nearly squares. In some cases as mentioned in
[1] the parameterization results may ﬂip in the vicinity of a
singularity, the reason for this is rounding the scalar values of
singularities to integer variables may produce large distortion
between the gradients of scalar values and the direction ﬁeld.
They improve the parameterization result by adding an adapted
weight into the energy formulation. To get an appropriate result
this local stiffening usually need several iterations which cause
heavy computational cost. We solve this in the quad meshing step
since our goal is quad meshing.
As shown in Fig. 7, the ﬂips induce irregular polygons near a
singularity, so we simply collapse the edge between the singularity and another degree 3 vertex. This eliminates two irregular
polygons and guarantees that all left polygons are quads.
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our algorithm directly to the point cloud of the rock-arm model,
and compare with the results produced by mixed integer quadrangulation (MIQ) in [1] on a triangular mesh. We can see that
although our method utilizes only the position information without connectivity information, our approach has no less quality
than that of MIQ. The results of MIQ are also provided in the
supplementary of [1].
Next, we also compare our method on triangle reconstruction
with meshless parameterization (MP) [14] and local lineal
embedding (LLE) [24] in Fig. 14. MP incurs largest distortion
since it needs to ﬁx the boundary to a circle or polygon. The result
of LLE is better than MP, however, in that when the boundary is
much irregular it still incurs distortion. Our method produces
higher quality triangular surface with uniform-sampled triangles,
the skinny triangles in our result is much less than LLE. Notice
that if we only need a triangle reconstruction result, the integer
constraints across the cut lines are not necessary to be satisﬁed,
which make our reconstruction more efﬁcient.
More results on raw scanned data are shown in Figs. 10–13.
Fig. 11 is an incomplete Chinese ancient model. We only follow
the most signiﬁcant geometry features to reduce the number of
singularities. The border is detected before and preserved during
the quad meshing step. The TightCocone method [25] failed on
this model but our method still produce a robust quad meshing
result. Fig. 11 is a car data from manufacture industrial. Our result
can be further used for spline ﬁtting in reverse engineering.
Fig. 13 demonstrates the robustness of our algorithm by applying

7. Results and discussions
We implemented our method in Cþþ using [23] and the mixed
integer solver provided in the supplementary of [1]. All experiments were performed on a PC with a 2.40 GHz Intel Core2 Quad
CPU and 4 GB memory.
We compare our method with previous techniques of [13] in
Fig. 8. From the comparisons we can see that our method produce
higher quality quad meshes. Our result has much fewer irregular
quads and all of the quads are well shaped. Our method is fully
automatic with little user interaction and our quad meshing
method shows an evident advantage over [13]. In Fig. 9, we apply

Fig. 8. Results of applying our method to hand dataset. (a) The initial point cloud,
(b) meshing results using our method, (c) close-up on the fourth ﬁnger showing
meshing quads, (d) the result produced by Kalogerakis et al. [13].

Fig. 7. Reﬁnement of irregular polygons near singularity. Notice that parameterization results ﬂip in (a) and induce polygons that are not quads in (b). These irregular
polygons are eliminated in (c) by collapsing one edge.
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the method on registered scanned data with noise and nonuniformly distributed samples. Although the assumption of our
algorithm is a uniformly sampled point set, for the non-uniformly
samples in the registered scanned data our approach still gives
reasonable results. Through the experiments we ﬁnd that our
method is able to handle most of the registered scanned data
except for a few extremely non-uniformly sampled data with
quite sparsely distributed points in some region. In this case, a
ﬁxed k is insufﬁcient to produce correct result.
Selection of parameters. There are several parameters needed
to specify in our algorithm. One of the most important parameters
is the k of the kNN graph. During smoothing and parameterization

steps, through our experiments, we ﬁnd that there is no major
difference about the ﬁnal result of the linear solver when k varies
from 6 to 10. If k is too small, the direction ﬁeld will not be
smoothed very well and a larger k will increase the non-zero
elements of the linear solver, which requires more time cost on
computing the solution. A large k also induces incorrect result
when identifying the positions of singularities, since the direction
of a point far from a singularity has little effect on it. In practice,
we found that k¼7, or 8, is a good choice. In the smoothing step,
we can also adjust t to control the whole direction ﬁeld. If the
model is coarse and has many local geometry features, we can
increase t (refer to [1]) to preserve the most signiﬁcant geometry

Fig. 9. Comparison of remeshing results of the rock-arm model. The upper mesh shows
the result in [1], the lower one is produced by our algorithm directly on point set.

Fig. 12. Results of our method on the soldier dataset. The orientations of quad
meshes only align with main geometry features.

Fig. 10. Results of applying our method to raw scan data of cup. The left picture shows raw data. In the middle, uv lines are displayed, the border is shown in black lines
and singularities are green points; the right ﬁgure demonstrates quad meshes of a half cup. (For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

Fig. 11. More results on the car model.

E. Li et al. / Computers & Graphics 35 (2011) 992–1000

999

Fig. 13. More results on registering scanned data: the upper row is cylinder model, the lower row is carter model. Noise and non-uniformly distributed samples are
produced by merging scanned data from different directions.

Fig. 14. Comparisons of triangle surface reconstruction results. The upper line shows parameterization result of three different methods, from left to right are MP,LLE and
our method. The bottom line shows triangle reconstruction result correspondingly. Notice the high quality triangles obtained by our method near the neck.

features only. This can also reduce the number of singularities. In
our experiments, t ¼ 0:85 is suitable for most of the models, and
for the soldier model we increase t to 0.95 to reduce the number
of singularities.
Time and complexity. The main difference about the computational consumption between point set-based algorithm and trianglebased algorithm focus on the kNN graph construction and disk-like
surface cutting. For a V points surface we ﬁrst construct the kNN
graph which requires O(VlogV) time. And to cut a point set surface an
additional fair Morse function needs to solve which also increase the
total time cost of point-based quad meshing method comparing with
triangle-based method. However, our method still shows an advantage over the traditional method that ﬁrst construct a triangle surface
then perform quad meshing on it. Table 1 shows the statistics and
performance data of our experiments. We compare our direct
method with the trivial method which ﬁrst construct a triangle
surface and then quad mesh on the triangle surface. Here we use

Table 1
Statistics of our algorithm and the others. Timings are in seconds. MIQP represents
our method. TightCocone fails on the soldier model.
Model

Points

MIQP

TightCocone þ MIQ

Rock-arm
Cup
Cylinder
Soldier
Car
Carter

14413
27736
61248
68740
88890
294573

30.48
61.14
135.7
165.78
204.77
871.6

13.13
30.78
60.17
–
82.62
316.5

24.23
42.36
120.5
127.03
156
792.5

TightCocone in [25] to construct triangle surface from point cloud
and MIQ in [1] to perform triangle surface-based quad meshing. The
statistics show that our method is faster when the point cloud
becomes larger.
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8. Conclusion and future work

References

We have presented a novel method for reconstructing a
quadrilateral mesh directly from an unstructured point set. We
ﬁrst estimate the principal direction ﬁeld and smooth it. The
reconstruction then proceeds to ﬁnd two scalar functions that
optimize the alignment between their gradients and the principal
ﬁelds. The whole process is fully automatic and the ﬁnal results
are of high quality.
Limitation and future work. The current method has a few
limitations. We make assumption that the point set surface is
uniformly sampled, but our method can also handle most of
registered scanned data with non-uniformly samples. Only if
there are some regions where points are sparsely distributed,
our method may fail since it is hard to choose an appropriate k for
the whole point cloud. An adaptive selection of k may work
better. The current algorithm also suffers from robustness problems due to the unreliable normal estimation near very sharp
features. We may be able to exploit a robust normal estimation
method in this case. Another limitation is that although our
experiments show good results, the triangle reconstruction step
still lacks theoretical support to guarantee to the output of our
algorithm.
Some further considerations are given for the future work.
A robust statistical detection of the crest lines may help to
preserve the geometry features more effectively. Utilization of
other deﬁnitions of gradient on point cloud is also another
interesting venue to investigate.
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