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Abstract
The cloth simulation systems often suffer from excessive extension on the polygonal mesh, so an additional strain-limiting
process is typically used as a remedy in the simulation pipeline. A cloth model can be discretized as either a quadrilateral
mesh or a triangular mesh, and their strains are measured differently. The edge-based strain-limiting method for a quadrilateral
mesh creates anisotropic behaviour by nature, as discretization usually aligns the edges along the warp and weft directions.
We improve this anisotropic technique by replacing the traditionally used equality constraints with inequality ones in the
mathematical optimization, and achieve faster convergence. For a triangular mesh, the state-of-the-art technique measures
and constrains the strains along the two principal (and constantly changing) directions in a triangle, resulting in an isotropic
behaviour which prohibits shearing. Based on the framework of inequality-constrained optimization, we propose a warp and
weft strain-limiting formulation. This anisotropic model is more appropriate for textile materials that do not exhibit isotropic
strain behaviour.
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1. Introduction

In real world, textile materials cover a wide spectrum: ranging from
quasi-inextensible woven cotton to stretchable wool weaves. Most
of these materials exhibit behaviour that is compliant to small de-
formations, but is highly resistant to larger deformation beyond
some threshold. The structure of cloth fibres and threads readily
admits small-to-moderate stretching forces, but at some point, the
resistance becomes dramatically stronger if the forces keep increas-
ing. This biphasic behaviour has identified itself for researchers
in developing the characteristic dynamics models for simulation.
Unfortunately, most dynamics models perform poorly in capturing
such fabric behaviour. Standard finite-element methods, including
the mass–spring systems, model the strong resistance using large
material coefficients that can create troubles to the time integration.
Explicit integration methods require very small time steps to avoid
divergence; thus, the total steps could be unexpectedly large. Im-
plicit methods can maintain stability for relatively sized time steps,
but at the cost of several side effects such as slow convergence and
excessive damping. As a result, most dynamic models produce sim-
ulation results that exhibit excessive extensibility, and have to resort
to a special strain-limiting process to cure the problem.

Visual artefact is not the only aftermath of excessive extensibility.
The definition of certain energy model needs the assumption of
inextensibility of polygon edges [BWH*06]. Various applications,
particularly those involving flattening 3D patches into 2D panels
or vice versa [STK*14, Wan08], also request stretch-free or quasi-
inextensible deformation.

Much effort has been devoted to the strain-limiting problem in
recent years, and we give a brief review in Section 2. Among various
solutions, two are representative and can be considered as milestone
work at their birth [GHF*07, NSO12]. They share a common point
that both are formulated as constraint Lagrangian mechanics (CLM)
system [Mas99, Wit01], and a constrained non-linear optimization
is finalized and solved. On the other hand, the above two approaches
are also very distinct in several aspects. Particularly, the first solu-
tion [GHF*07] uses equalities as constraints for the optimization
problem in order to maintain the rest length of each edge. The sec-
ond [NSO12], however, uses inequalities as constraints to restrict
the strain to be within a prescribed range. On discretizing the system
for numerical solutions, the first adopts an efficient step and projec-
tion (SAP) instead of implicit constraint direction steps. The second
adopts the Lagrangian multipliers with penalty functions, and then
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further simplifies it into an unconstrained optimization problem. In
terms of the resulted mechanical properties, the first (and also edge-
based) technique creates anisotropic behaviour by nature, as edges
are usually consistent with the warp and weft directions in a quadri-
lateral mesh. The second one, which measures and constrains the
strains along the two principal (and constantly changing) directions
in a triangle, creates isotropic strain property and prohibits shearing
behaviour.

Contributions. First, two constrained optimization frameworks
used for strain limiting have been reviewed, one being equality
based and the other inequality based. For a quadrilateral mesh,
we replace the equality constraints with inequalities, and achieve
much faster convergence (Section 4). For a triangular mesh, we
present our analysis on why equality-based optimization does not
work and the inequality-based method is currently a better choice.
Although the existing method [NSO12] successfully prohibits ex-
cessive mesh extension by constraining two principal directions of
each triangle, it is not appropriate for materials that do not exhibit
isotropic strain property. In real world, many textiles easily accept
shear strain but strongly resist stretch strain along the warp and
weft directions [Kaw80]. That isotropic strain limiting prohibits not
only the stretching strain but also the shear strain. To overcome this
drawback, we propose a warp and weft strain limiting on triangle
meshes, under the same framework of inequality-constrained opti-
mization (Section 5.3). This new scheme does not aim at replacing
the established work of isotropic strain limiting, yet it produces
effects that exhibit different shearing and wrinkling behaviour. As
high details and subtle visual differences for various textile proper-
ties are pursued today, this will definitely enrich the material set that
can be simulated, offering more options to designers in the fashion
industry.

2. Related Work

The excessive extension problem emerged at the early stage of cloth
simulation research [Pro95]. Researchers exploited large material
coefficients together with implicit or semi-implicit integration to
mimic the strong resistance behaviour of fabric [BW98, CK02,
HES03], and various acceleration techniques further improved the
performance of these solvers. Yet, more popular solutions adopt a
biphasic manner, i.e. a regular time integration plus a special strain-
limiting procedure.

To capture the non-elastic properties of woven fabrics, Provot
[Pro95] restored the stretched springs by sequentially moving the
relevant particles. The positions are updated with the Gauss–Seidel
iteration, which is simple and efficient but sometimes suffers from
undesirable oscillation. Müller et al. [MHHR07, M08] extended
this approach by proposing position-based dynamics. This idea re-
cently has further been developed into a unified dynamics frame-
work [MMCK14], which uses particles connected with constraints
and is flexible to model various objects including fluid, deformable
and rigid solids, cloth, etc. The constraints include both equalities
and inequalities, and positions are updated with Gauss–Seidel iter-
ations.

Meyer et al. [MDDB01] revised the approach of Provot [Pro95]
with a Jacobi-style iteration. The over-stretched springs were iden-

tified at the end of each step and their endpoints were moved inward
to keep the elongation no more than 10%. In addition to strain
limiting, Bridson et al. [BFA02] further introduced the strain rate
limiting into the Jacobi iteration to avoid over-estimation. Chen
et al. [CLZQ14] formalized the strain rate limiting with a relaxation
factor in a parallelizable Jacobi iteration pipeline.

Different from the above edge-based approaches which only ap-
ply to quadrilateral-dominant meshes, some others deal with triangle
meshes. Tsiknis and Bridson [TB06] used singular value decompo-
sition (SVD) to find principal strains and then attempted to transfer
the limits to triangle edges. Thomaszewski et al. [TPS09] proposed
a continuum-based strain limiting for inextensible cloth represented
as triangles. It firstly corrects each triangle in isolation by solving a
simple linear equation, and then stitches all triangles together with
the original Jacobi or Gauss–Seidel iteration. Wang et al. [WOR10]
also relied on SVD to find two principal strain directions and then
enforce limits through an iterative, non-linear, Gauss–Seidel-like
constraint procedure. The iterative methods sometimes are not guar-
anteed to converge, and then sorting was often performed before po-
sition adjustments, either according to the elongated edge lengths,
or according to the particle distances to constrained ones. This,
however, tends to introduce mesh-dependent artefacts.

Non-iterative methods are largely built on the framework of CLM.
The CLM approach is confirmed to be more efficient than many
other approaches, and the underlying dynamics conserves physical
properties such as momentum. Goldenthal et al. [GHF*07] trans-
ferred the non-linear constraints used by Breen et al. [BHW94]
into a linear equation system. This work is based on the hypoth-
esis that the exact constraint manifold exists; therefore, equality
constraints are used. Yet, in some geometric configurations, this
hypothesis cannot be easily satisfied; thus, this method may cause
instability. Ye [Ye08] proposed a strain-limiting algorithm with a
formulation very similar to [GHF*07], yet it is only iterated once
in each time step; therefore, the accurate convergence is also not
ensured. Narain et al. [NSO12] reformulated the strain limiting as
an inequality-constrained optimization, which performs stably on
triangular meshes. It also motivates us to investigate how it works
on quad-meshes.

3. Review of Two Optimization Strategies

To control the deformation of a mesh, strain of each geometric prim-
itive is formulated as a constraint c(x) which specifies a prescribed
range or value of the primitive. Using iterative solvers like Jacobi
or Gauss–Seidel, only small-to-moderate sized systems can be han-
dled well. The slow convergence for large systems is a well-known
limitation of these iterative solvers which require many iterations
to propagate information from one end of the mesh to another. For
heavily deformed high-resolution mesh, the Jacobi solver also in-
troduces high-frequency response (or oscillation) [NSO12]. Yet, the
CLM-based formulation performs typically better on convergence
speed. In a CLM system, the constraints could be either equalities
or inequalities, and both cases intend to minimize a mass-weighted
displacement energy

f (x) = 1

2
‖x− x0‖2

M, (1)
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where function f : R
n → R is in the n-dimensional domain, and x0

is the position at the end of an unconstrained time step, and ‖x‖2
M is

defined as xT Mx with M being the mass matrix.

3.1. Equality-constrained optimization

The general equality-constrained optimization is of the form

min f (x) s.t. c(x) = 0, (2)

where f : R
n → R is the objective function defined in Equation (1),

and c : R
n → R

m is a vector-valued function representing m con-
straints.

The SAP algorithm in [GHF*07] works as follows. Let δx =
x− x0 be the correction of the unconstrained step, then δx projects
x0 onto the constraint manifold. The projection, δx, is solved by a
sequence of iterations. Using the subscript j to refer to a specific
iteration of fast projection, the Lagrange equation at the (j + 1)th

step is

W (δxj+1, λj+1) = 1

2
(δxj+1)T M(δxj+1)+ c(xj+1)T λj+1, (3)

whose stationary equations with respect to δxj+1 and the Lagrange
multiplier δλj+1 are

δxj+1 = −M−1∇c(xj )T δλj+1, (4)

∇c(xj )δxj+1 = −c(xj ). (5)

Substituting the first equation into the second one to eliminate
δxj+1, and the final linear system to be solved is

(∇c(xj )M−1∇c(xj )T )δλj+1 = c(xj ). (6)

Finally, we compute the correction δxj+1 from Equation (4).

3.2. Inequality-constrained optimization

The inequality-constrained optimization is of the form

min f (x) s.t. c(x) ≤ 0, (7)

where c : R
n → R

m is a vector-valued function representing m con-
straints.

It can be converted to a problem with equality constraints by
introducing slack variables s and replacing the general inequali-
ties c(x) ≤ 0 with ĉ(x) = c(x)+ s = 0. Then, the augmented La-
grangian with penalty function is

L(x, s; λ, μ) = f (x)+ λT ĉ(x, s)+ μ

2
‖ĉ(x, s)‖2 . (8)

Narain et al. [NSO12] performed further simplification by re-
placing s with its optimal value max(−c(x)− λ/μ, 0) instead of
using it as free variables. Then, ĉ(x) is replaced with c̃(x) =
c(x)+max(−c(x)− λ/μ, 0), and the augmented Lagrangian is re-
duced to

L(x; λ, μ) = f (x)+ μ

2
‖c̃(x)‖2 − ‖λ‖

2

2μ
, (9)

with the update rule: λ← μc̃(x), where the penalty function c̃ is
given by

c̃(x) = max(c(x)+ λ/μ, 0). (10)

3.3. Evaluation of two strategies

Which of the above two strategies should we choose for strain
limiting? When equality-constrained optimization is to be used, the
degrees of freedom (DOFs) is a good indication whether a solution
could be found or not.

Given a quadrilateral mesh with n vertices, there are 3n positional
DOFs. In the case of a quadrangulation, approximately (n− 1− k

2 )
faces and 2n edges will be introduced, where k denotes the number
of vertices that lie on the boundary of the convex hull of the set of n

vertices. As in the previous work [Pro95, BFA02, CK02, GHF*07],
each edge is considered as a linear spring and the strain is defined
as

c(xi , xj ) = ‖xij‖ − l0
ij , (11)

where xi and xj are positions for the two ends, xij = xj − xi and
l0
ij is the rest length. If the spring is required to be completely

inextensible, we will enforce c(xi , xj ) = 0 in the simulation. By
introducing one such constraint for each edge, the whole system
still has n DOFs remaining. Therefore, it is feasible to use equality-
constrained optimization for a quadrilateral mesh.

However, for a triangular mesh, using equality-constrained opti-
mization could result in DOF deficiency. If we naively measure a
triangle strain in the form of three edge strains using Equation (11),
we will unquestionably end up with three constraints for each
triangle

c(xi , xj , xk) =

⎛
⎜⎝
‖xij‖ − l0

ij

‖xjk‖ − l0
jk

‖xki‖ − l0
ki

⎞
⎟⎠ = 0. (12)

A triangulation of n vertices introduces approximately (2n− 2− k)
faces and (3n− 3− k) edges (see Chapter 9 of [dBvKOS00]). That
suggests constraining all edges of a triangular mesh may rigidify
it: subtracting constraints from positional DOFs leaves nearly zero
DOFs for a triangulation. Even if we exert only two constraints
for each face, say along warp and weft directions, there are still not
enough DOFs left for the whole system (see Table 1). From the above
discussion, it seems that if equalities were used as constraints, we
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Table 1: The number of faces and edges for quadrangulation and trian-
gulation n vertices, respectively. The last column specifies the number of
constraints in the system.

#v DOF #face #edge #c

Quadrangulation n 3n n− 1− k
2 2n 2n

triangulation n 3n 2n− 2− k 3n− 3− k ?

can only afford one constraint for each face. Yet, how to design such
constraint becomes a question. In Section 5.2, we will discuss an
unsuccessful attempt of adopting equality constraints for triangular
meshes.

The inequality-constrained optimization, on the other hand, does
not suffer the problem of DOF deficiency. In Equation (8), the
slack variable s represents m additional DOFs introduced into
the system, which supplement the DOF lost caused by the m

constraints.

4. Quadrilateral Meshes

When using equality-constrained optimization for quad-meshes,
c(xi , xj ) = 0 of Equation (11) is enforced only if a completely
inextensible effect is desired. Yet, real fabric usually permits certain
amount of elongation, so the linear constraint is usually relaxed to
accommodate a strain limit range [lmin, lmax]:

c(xi , xj ) =

⎧⎪⎨
⎪⎩
‖xij‖ − lmin if ‖xij‖ < lmin

0 if ‖xij‖ ∈ [lmin, lmax].

‖xij‖ − lmax if ‖xij‖ > lmax

(13)

When a linear spring is out of the range of [lmin, lmax], the intended
positional corrections for xi and xj are cx̂ij and −cx̂ij , assuming
equal mass for two particles.

We are also interested to know how the inequality-constrained
optimization works on quad-meshes, and how does it perform com-
pared to the equality-constrained optimization. The formulation is

min
1

2
‖x− x0‖2

M s.t. c(x) < 0, (14)

where

c(xi , xj ) =
{

lmin − ‖xij‖
‖xij‖ − lmax.

(15)

As in [NSO12], this minimization is solved with ALGLIB numerical
analysis library.

We apply the above inequality-constrained formulation to a quad-
mesh, and the results are shown in the second row of Figure 9. As

a comparison, the first row of Figure 9 are the results of equality
method [GHF*07]. From the accompanying video, we can see that
the equality method creates greater oscillation than the inequality
method, under the same setting of air damping forces. The tim-
ing in Table 4 shows that the inequality method runs faster than
equality one. Figure 2(a) illustrates the distribution of the edge
strain percentages under various strain limits. In the plot (light
purple dash line) for the unconstrained case, the single peak in
the curve implies that the majority edges are not far away from
their rest lengths. For the other three strain ranges, each curve
has three peaks: at the rest length, at the strain upper limit and
at the lower limit. For various mesh resolutions, the per-step strain-
limiting computational timings are plotted in Figure 2(b). The in-
equality method is significantly more advantageous over the equal-
ity method on higher resolution meshes and narrower strain ranges.
Both methods show an asymptotic behaviour in the plots and the
difference between various strain ranges differs by a constant.
This is mainly due to lower number of iterations for wider strain
ranges.

5. Triangular Meshes

As we have discussed, for a triangle, constraining the length of all
three edges to be of specified lengths is infeasible. If edges have
to be manipulated, a relaxed length should be used in the case of
equality constraint [WT10]. Otherwise, a tight bound is better off
used with inequality constraint [ZW11]. Restricting edges may in-
troduce mesh-dependent artefacts. Some recent works [WOR10,
NSO12] tried to dynamically find two principal directions via SVD,
and then limit the strain along these directions. This approach will
be called InEq-iso hereafter. In fact, the warp, weft and shear direc-
tions can also be extracted and controlled, independent of the mesh
triangulation.

5.1. Revisiting the isotropic strain limiting

We go through the deformation analysis for the element of a triangle
in this subsection. Let us suppose each cloth particle has a plane
coordinate (ui, vi) for its rest state, and its 3D coordinate xi in world
space constantly changes during the simulation. Now imagine that
there exists a function w(u, v) that maps from plane coordinates to
world space, although this function does not need to be explicitly
derived. Let us consider a triangle defined by three particles i, j and
k. Defining �u1 = uj − ui , �u2 = uk − ui and similarly �v1 =
vj − vi , �v2 = vk − vi , the stretching along the u, v directions is
measured by two derivatives wu, wv ∈ R

3×1:

(wu wv) = (xj − xi xk − xi)

(
�u1 �u2

�v1 �v2

)−1

. (16)

Matrix W = (wu wv) ∈ R
3×2 is the deformation gradient. We

rewrite Equation (16) as

W = P	B−1, (17)

c© 2015 The Authors
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Figure 1: The 2D material space coordinates for a dress model (11 802 vertices) and the simulation results with two different strain-limiting
techniques. The jade-green ones are results of Narain’s isotropic strain limiting, while the yellow ones are results of our anisotropic strain
limiting. The strain ranges are set to be [−2%, 2%] in both cases. See Section 6 for more discussion.

 0

 300

 600

 900

 0.93  0.95  0.97  0.99  1.01  1.03  1.05  1.07  1.09

x: strain percentage
y: #edges

[0.99, 1.01]
[0.98, 1.02]
[0.95, 1.05]

unconstrained

(a)

10-3

100

104

101 102 103

number of vertices

Eq-1%
InEq-1%

Eq-2%
InEq-2%

Eq-5%
InEq-5%

(b)

Figure 2: (a) The distribution of strain percentage of the quad mesh edges constrained by inequalities. (b) The per-step strain-limiting
computational time of two methods.

where P = (xi xj xk), 	 ∈ R
3×2 and B−1 is the finite-element

basis matrix for the face. We denote matrix 	B−1 as K:

	B−1 = K =

⎛
⎜⎝

(vj − vk)/d (uk − uj )/d

(vk − vi)/d (ui − uk)/d

(vi − vj )/d (uj − ui)/d

⎞
⎟⎠ , (18)

where d = �u1�v2 −�u2�v1. Accordingly, there are

wu = PK·1, ∂wu/∂xi = K11I3 (19)

wv = PK·2, ∂wv/∂xi = K12I3,

where K·1 is the first column of matrix K.

When applying SVD on W: W = U�VT , the column vectors
of U denote the two principal directions, and the two entries in
the diagonal matrix � are the strains along these directions. The
gradient of the strain w.r.t. xi is needed for numerically solving the
constrained optimization problem.

From a geometric point of view, the two principal directions of
a deformed triangle can also be computed by an eigendecompo-
sition on the associated square Gram matrix WWT ∈ R

3×3. The
square roots of two non-zero eigenvalues of WWT , η1 and η2 (with
η1 > η2), are the strain ratio along the two directions, with η1 cor-
responding to the more stretched direction.

Letting ŵη1 denote the unit eigenvector corresponding to η1, we
represent wη1 = η1ŵη1 as a linear combination of wu and wv , in the
form of

wη1 = η1ŵη1 = αwu + βwv. (20)

As wη1 , wu and wv are coplanar vectors, we can chop the third
dimension of the three vectors and set up a 2× 2 linear system to
solve for α and β. Supposing unit vector w0

η1
is the image of wη1

in the un-deformed triangle space, then there is: w0
η1
= αw0

u + βw0
v

. By definition w0
u and w0

v are orthonormal, there is 1 = ‖w0
η1
‖ =√

α2 + β2 .

The strain constraint along principal direction ŵη1 is defined to be
c(xi , xj , xk) = √a(η1 − 1), where a is the triangle area at the rest
state. Note that η1 = ‖αwu + βwv‖. The corresponding constraint
gradient ∇xi

c, written as row-vectors, is

∇xi
c(xi , xj , xk) = √a

dη1

dxi

= √a(αK11 + βK12)ŵT
η1

. (21)

Similarly, ∇xj
c and ∇xk

c can be derived.

Note that the SVD formula can be rewritten as U� =WV, as
U and V are both orthonormal matrices. Recall the two diagonal
entries in � are η1 and η2, so there is

ηj U·j = (wu wv)V·j , j = 1, 2. (22)

c© 2015 The Authors
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Recall Equation (20), we will know that (α β)T is actually the first
column vector of V, and ŵη1 is the first column vector of U. Similar
relationship holds for ŵη2 and the second column vector of U.

5.2. The unsuccessful attempt with equality-constrained
optimization

In addition to [GHF*07], there are several other works that try
to tackle the inextensibility problem by equality constraints. En-
glish and Bridson [EB08] also pointed out the problem of locking
due to insufficient DOFs and proposed the use of non-conforming
triangle elements to address this issue. Drawbacks of this ap-
proach include the overhead of converting back and forth be-
tween simulation and ghost meshes (involving a large linear sys-
tem to solve), and the difficulty of coupling contact with in-
ternal dynamics. Wang [Wan12] further proposed a method for
non-locking conforming triangular meshes. Through mesh subdi-
vision, roughly 3n new vertices are added, bringing in 3n DOFs.
After enforcing 9n constraints, there are still 3n DOFs remain-
ing, which is adequate for simulation. But these extra introduced
vertices increase the overhead of dynamics computation of the
system.

We are also interested to know whether the equality-constrained
optimization can be extended to triangular meshes. The key issue is
how to choose the constraint c(x) in Equation (2). As has been dis-
cussed in Section 3.3, to ensure adequate DOFs for the simulation,
we can only afford one constraint for each triangle. Yet, which direc-
tion is to be constrained becomes a question. Depending on the con-
text, if over-stretching is more undesirable than over-compression,
we may intuitively enforce a constraint along the most stretched
direction: c(xi , xj , xk) = √a(η1 − 1) = 0, and integrate this con-
straint into the SAP pipeline of [GHF*07]. Let us suppose the cloth
mesh has m triangles and n particles. The geometric state of all
the particles is denoted by a vector x ∈ R

3n. The constraint vector
is c(x) ∈ R

m×1, and its gradient ∇c(x) can be viewed as an m× n

block matrix with each element being a 1× 3 vector. Thus, if we
suppose (xi , xj , xk) is the ith triangle of the mesh, the ith row of
∇c(x) has three non-zero elements:

(· · · ∇xi
c · · · ∇xj

c · · · ∇xk
c · · ·). (23)

Substituting this together with Equation (21) into Equa-
tion (6), the Lagrange multiplier and the new positions can be
solved.

We implemented the above idea and used it for a two-corner
pinned draping cloth, as shown in Figure 4(c). The per-step strain-
limiting computation in Table 2 shows that this method converges
significantly slower than the inequality-based method. Moreover,
this slow simulation was obtained by giving up strain limiting
along the over-compressed direction. In some applications, the phe-
nomenon of over-compression is often more undesirable than over-
stretching. Real cloth can stretch a bit but cannot compress, and
allowing excessive compression results in less realistic and appeal-
ing cloth motion. Our attempt further strengthens the speculation
that equality-constrained optimization is not a good choice for tri-
angular meshes.

5.3. Warp and weft strain limiting using
inequality-constrained optimization

As triangular meshes are topologically more flexible in modelling
garment, they attract more attention than quad-meshes. For woven
fabrics, it does not stretch perceptibly along the warp and weft
directions but can shear easily. Since restricting the strain along two
principal directions will prohibit shearing from happening at all, a
better choice is to find the strain along the pre-defined warp and
weft directions. A so-called condition function in [BW98] was used
to measure the triangle strains along warp and weft directions:

c(xi , xj , xk) =
(

c(u)(xi , xj , xk)

c(v)(xi , xj , xk)

)
= √a

(
‖wu‖ − 1

‖wv‖ − 1

)
, (24)

where a is the area of the triangle at the rest state. The corresponding
gradients ∇xi

c, ∇xj
c and ∇xk

c can be evaluated:

∇xi
c(xi , xj , xk) = √a

(
K11ŵT

u

K12ŵT
v

)
,

∇xj
c = √a

(
K21ŵT

u

K22ŵT
v

)
,∇xk

c = √a

(
K31ŵT

u

K32ŵT
v

)
, (25)

where ∧ denotes the normalized vector.

Note that Equation (24) was used to derive the energy function in
[BW98], now we use it to limit the strains along the warp and weft
directions using Equation (24)

c(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
a(wu,min − ‖wu(x)‖)
√

a(‖wu(x)‖ − wu,max)
√

a(wv,min − ‖wv(x)‖)
√

a(‖wv(x)‖ − wv,max)

. (26)

Substituting it into Equation (7), we call this strain-limiting tech-
nique InEq-uv.

The warp and weft strain constraints will not be activated unless
‖wu‖ or ‖wv‖ is out of the prescribed range. Once activated, the
constraints intend to bring the length of wu and wv back to a valid
scope, instead of restoring the deformed triangle to its rest shape.
This way, the shearing effects will not be overridden by the strain-
limiting process, as happens in InEq-iso. In InEq-iso, the effort of
repeatedly finding and restoring the two principal strains to their
initial states is equivalent to bringing the deformed triangle back
to its initial shape. Thus, shear deformations can hardly survive,
which is undesirable for certain materials. This can be illustrated
by an example shown in Figure 3, in which a specific triangle in
Figure 3(a) deforms to Figure 3(b) (or Figure 3c). With our method
(as shown in Figure 3b), this triangle will be treated as not having
excessive strains, since ‖wu‖ and ‖wv‖ remain their rest lengths.
This deformation is interpreted as a natural shear behaviour. If strain
limit along two principal directions is enforced (as in Figure 3c),
constraints will be activated to bring the deformed triangle back to
its initial shape.

c© 2015 The Authors
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Figure 3: The two measurements for triangle strain. (a) The initial
wu and wv for the rest state, which are also two principal direc-
tions. (b) The wu and wv after deformation. (c) The two principal
directions after deformation.

Figure 4: A triangular mesh sheet (8321 vertices) is treated by
InEq-iso, InEq-uv, InEq-uvs and the unsuccessful Eq.

5.4. Strain limiting for warp, weft and shear

The proposed InEq-uv can be easily extended to incorporate an
optional shear direction for strain limiting. The shear direction is
along the diagonal of the parallelogram spanned by the warp and
weft vectors, i.e. the shear vector ws is defined to be ws = wu + wv .
When ‖w0

u‖ = 1 and ‖w0
v‖ = 1, there is ‖w0

s‖ =
√

2. To enforce
shear strain limiting, we add two more constraints to Equation (26):

c(x) =
{√

a(ws,min − ‖ws(x)‖)
√

a(‖ws(x)‖ − ws,max)
. (27)

These extra constraints add very limited burden to the computation,
as can be seen from the timing data in the next section. As textile
materials typically allow more shearing deformation than stretch-
ing deformation, the range of [ws,min, ws,max] can be relaxed to be
much wider than [wu,min, wu,max] and [wv,min, wv,max]. Narrowing
that range increases the computation cost slightly. If we set uniform

Table 2: The per-step timing (in second) for strain-limiting triangular
meshes of various resolutions. The strain range is ±2% for stretching and
±10% for shearing. The mesh with 8321 vertices is rendered and shown in
Figure 4, and its strain-limiting computation time is further broken down in
Table 3.

InEq-iso InEq-uv InEq-uvs
#verts in
mesh #iter time #iter time #iter time

Eq
time

545 176 0.21 153 0.12 181 0.18 2.237
4225 184 1.59 175 0.83 189 1.32 54.73
8321 187 4.20 179 2.34 190 3.14 198.3
16 641 189 7.22 185 4.12 191 6.25 7.3e4

Table 3: The timing (in second) breakdown of one iteration of strain limiting
for simulating the triangular mesh in Figure 4.

Methods SVD/UV Objective Threading Constraint Total

InEq-iso 56% 2% 4% 38% 100%
1.3e-2 4.6e-4 9.3e-4 8.7e-3 2.24e-2

InEq-uv 35% 4% 7% 54% 100%
4.0e-3 4.6e-4 7.8e-4 6.2e-3 1.13e-2

InEq-uvs 36% 3% 6% 55% 100%
4.7e-3 3.6e-4 8.0e-4 7.8e-3 1.3e-2

strain ranges for warp, weft and shear, the mesh behaves like an
isotropic material.

With this extension, the proposed anisotropic strain limiting
shares similarities with the CSL method [TPS09], in which the
warp, weft and shear directions are derived based on the finite-
element framework. The biggest difference between CSL and our
method is not the constraints used but in the enforcement method.
In terms of the convergence speed, experiments in [NSO12] have
shown that InEq-iso is faster than CSL. The experiments in this
paper further show that both InEq-uv and InEq-uvs are faster than
InEq-iso.

6. Experimental Results

We did a number of experiments to evaluate the performance of our
InEq-uv approach, and all experiments were executed on an Intel
Quad Core CPU of 2.83 GHz.

Figure 1 shows a simulated dress, worn by a walking mannequin,
being strain-limited by the InEq-iso (in jade green) and the InEq-
uv (in yellow), respectively. The 2D material space coordinates
are set differently. While InEq-iso is not sensitive to the material
coordinate variant, the two green images differ very little in terms
of the stretching and wrinkling behaviour. In our InEq-uv, the u and
v are two constrained directions. The directions 45◦ away from u
or v, called the least constrained directions, are a lot easier to be
elongated/shorten. Therefore, in Figure 1(a), the yellow dress has

c© 2015 The Authors
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Figure 5: (a) and (b) Visualizing the strain directions in a mesh of 81 vertices. (c)–(f) A sheet mesh of 8321 vertices is strain-limited with
various methods. The strain ranges, including the two principal directions, warp, weft and shear, are all set to [−0.0%, 0.0%].

Figure 6: (a) Strain limits wu : ±10%, wv : ±1%. (b) Strain limits
wu : ±1%, wv : ±10%.

narrower straps than the green one, as the top portion of the straps
(the two red ovals) are along the least constrained directions. When
the 2D material space coordinates are set up as in Figure 1(b), the top
portion of the straps (the two red ovals again) become aligned with
u and v, and they are no longer easily squeezed. For the lower part
of the dress, the yellow one in Figure 1(a) exhibits relatively large
folds but lacks small wrinkles, as it resists compression along the
horizontal direction. Yet, the yellow dress in Figure 1(b) is abundant
of small wrinkles.

A triangular mesh, pinned at two corners, is treated by four dif-
ferent strain-limiting methods and the profile data are shown in
Tables 2 and 3 and Figure 4. Here, we discuss the efficiency of
the InEq-iso and InEq-uv. Interestingly, the number of iterations
for solving the optimization system is almost identical for the two
methods: around 180 iterations per step in our experiments—even
for different mesh sizes! The execution time of our InEq-uv method
is nearly 2× faster than InEq-iso. This is equivalent to saying that
each iteration of InEq-uv is faster than InEq-iso, although the sizes
of two linear systems are the same. We break down the per iteration
computational cost into four major subtasks, as shown in Table 3.

Figure 7: Simulation of a sheet hit by a flying sphere. The mesh
initially has only five vertices but remeshes itself to high resolution
when collision occurs. At a specific time instant, Narain’s InEq-iso
leads to 4124 vertices (left) and our InEq-uv leads to 3919 vertices
(right).

The subtasks include SVD for InEq-iso (or wu and wv computation
for InEq-uv), evaluating objective function (Equation 1) and its gra-
dient, computing constraints and their gradients and the threading
cost when the executable runs on a multi-core processor. The ‘UV’
cost in InEq-uv is only 1/3 of the ‘SVD’ cost in InEq-iso. This is
not surprising as computing wu and wv in InEq-uv only involves
two 3× 2 matrix–vector multiplications (Equation 17), less costly

c© 2015 The Authors
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Figure 8: (a) The over-stretched area is coloured according to
max(‖wu‖, ‖wv‖). (b) The over-compressed area is coloured ac-
cording to min(‖wu‖, ‖wv‖).

than an SVD computation in InEq-iso. The ‘Constraint’ parts of two
methods are slightly different, while the other two parts are almost
the same. InEq-uvs is slightly more costly than InEq-uv but is still
faster than InEq-iso.

Table 4: (Left) A mesh of 1681 vertices can be considered either as a
quad-mesh or a triangular mesh. (Right) The per-step strain-limiting time
of various methods, with the simulated results shown in Figure 9.

Mesh Type methods ± 5% ± 2% ± 1% ± 0.1%

Quad Eq 0.25 0.39 1.00 2.50
InEq 0.22 0.28 0.40 0.42

Trig InEq-iso 0.70 0.71 0.74 0.85
InEq-uv 0.34 0.38 0.46 0.61

In Figures 5(a) and (b), we capture and visualize the constrained
vectors in the middle of simulating a low-resolution cloth mesh with
one corner pinned.

In InEq-iso, the two principal directions are orthogonal, and are
determined independently from the current shape of each individual
triangle. In InEq-uv, although the wu and wv vary from iteration
to iteration as well, their mapped images in the material space are
invariant. As a result, all the wu (or wv) form a smooth vector field,

Figure 9: A sheet model (Table 4, left), being treated as either a quad-mesh or a triangular mesh, is applied in different strain-limiting methods
with various strain ranges. Row 1: quad-meshes and equality-constrained strain limiting; Row 2: quad-meshes and inequality-constrained
strain limiting; Row 3: triangular meshes and the InEq-iso strain limiting; Row 4: triangular meshes and InEq-uv strain limiting.

c© 2015 The Authors
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and the vectors within a small vicinity are nearly parallel. This
phenomenon is not seen in InEq-iso. Results for simulating a higher
resolution mesh are shown in Figures 5(c)–(e). From these images,
it is hard to deny that InEq-uv and InEq-uvs create more wrinkles
or folds than Narain’s InEq-iso. While the enforced strain ranges
are the same in two different methods, the overall length of draped
sheet in InEq-uv is slightly greater than that in InEq-iso, due to the
fact that shearing strain is disabled in InEq-iso.

If the textile property desires, we can also easily set separate strain
ranges for wu and wv in Equation (26). Figure 6 shows a sleeve under
two different strain settings. For one case, we set wu ∈ [0.9, 1.1] and
wv ∈ [0.99, 1.01]. That is, we allow more extensibility (10%) along
the arm cylinder axis, which is the wu direction, and the result is
shown in Figure 6(a). For another case, we set less extensibility
(1%) along the arm cylinder axis and 10% along its perpendicular
direction (wv), as shown in Figure 6(b). We should notice a subtle
difference that sleeve in Figure 6(a) is slightly longer than that in
Figure 6(b). Also the sleeve in Figure 6(b) is looser as it allows more
extension along wv .

To test how the InEq-uv affects dynamic remeshing in the simu-
lation, we perform another experiment of a ball hitting a sheet, as
shown in Figure 7. A flying ball hits the sheet from behind, and
then flies back to hit the sheet from front, and at last the hanging
sheet is released and drapes onto the still ball. The initial sheet
mesh has only five vertices and four faces, and it is remeshed into
various resolutions during the simulation according to [NSO12],
to produce more wrinkles and folds. During the remeshing, we
enforce the strain-limiting process with InEq-iso and InEq-uv,
respectively. We run the experiment for 10 simulation seconds, and
count the number of vertices and faces of the mesh. On average,
the number of faces in InEq-uv and InEq-iso is quite close. When
using Narain’s InEq-iso, the average number of vertices is 3260,
and number of faces is 6326. When using our InEq-uv, the average
number of vertices is 3198, and number of faces is 6188. For any
specific time instant, it is uncertain which mesh has fewer faces. But
the results of our method always have more wrinkles than Narain’s
(Figure 7).

Figure 8 is a screen capture of another simulated dress on a
dancing avatar. The dress model has 5143 vertices and 10 053 faces.
A strain range of ±5% is enforced with our InEq-uv method. For
a specific time instant, we rendered two images to visualize the
over-stretched area and the over-compressed area on the dress. To
measure the stretching, for each triangle in the mesh, we compare
‖wu‖ and ‖wv‖ and select the bigger one. The triangle is assigned
a colour according to the length of the selected vector. Similarly, to
measure the compression, triangles are assigned colours according
to the smaller lengths of the vector pairs. In both images, the over-
stretched areas are marked as pink, and the yellow spots denote
where compression happens. Note that a pink area in one image
usually corresponds to a yellow area at the same mesh location in the
other image, as for a triangle, if one direction (being it warp or weft)
is stretched, very likely the other direction is compressed. But there
is also exceptions, as both directions could be shrunk or extended
simultaneously. The highlighted stretching and compression areas
in the images are consistent with people’s common feeling of the
deformation behaviour of a dress.

At last, we simulate a cloth model that can be treated not only
as a quad-mesh but also as a triangular mesh. The mesh is initially
quadrangulated with 1681 vertices and 1600 rectangles, as shown
on the left of Table 4. When each rectangle is halved, it can be
treated as a triangular mesh of 3200 triangles. When the mesh is
considered as a quad-mesh, both the dynamics model and the strain-
limiting model are edge-based. Otherwise, the finite-element-based
dynamics model is used, together with the InEq-iso and InEq-uv for
strain limiting. For four strain range setups, the per-step computation
timings are shown in Table 4 and the result images are shown
in Figure 9. The inequality-constrained method runs faster than
equality-constrained method on either types of meshes. As the strain
range gets narrower (i.e. the minimum and the maximum allowed
elongation goes to zero), the equality method experiences much
slower convergence than the inequality method. On the other hand,
the edge-based InEq on quad-meshes is faster than either InEq-iso
or InEq-uv on triangular meshes. The InEq method does not suffer
from locking artefacts, even when the strain range is as tight as
±0.1%. Moreover, at such a tight strain range, our InEq-uv still
outperforms InEq-iso in producing folds.

7. Discussion and Conclusion

Two strain-limiting strategies, the inequality-constrained and the
equality-constrained optimizations, have been reviewed and com-
pared in this paper. We apply the InEq method for edge-based strain
limiting on quad-meshes, and achieve faster convergence than the
Eq method. For triangular meshes, we propose a technique that lim-
its strains along the warp and weft direction, under the framework
of inequality-constrained optimization. This technique preserves the
shear deformation while restricting the stretching strain, thus is suit-
able for materials that do not exhibit isotropic behaviour. We have
also discussed the possibility of applying the equality constraints
for triangular meshes, but reached a conclusion that it might not be
a good direction.
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[MHHR07] MÜLLER M., HEIDELBERGER B., HENNIX M., RATCLIFF J.:
Position based dynamics. Journal of Visual Communication and
Image Representation 18, 2 (2007), 109–118.

[MMCK14] MACKLIN M., MÜLLER M., CHENTANEZ N., KIM T.-Y.:
Unified particle physics for real-time applications. ACM Trans-
actions on Graphics (TOG) 33, 4 (2014), 153:1–153:12.

[NSO12] NARAIN R., SAMII A., O’BRIEN J. F.: Adaptive anisotropic
remeshing for cloth simulation. ACM Transactions on Graphics
31, 6 (2012), 147:1–147:10.

[Pro95] PROVOT X.: Deformation constraints in a mass-spring model
to describe rigid cloth behavior. In Proceedings of Graphics In-
terface (1995), pp. 147–154.

[STK*14] SKOURAS M., THOMASZEWSKI B., KAUFMANN P., GARG

A., BICKEL B., GRINSPUN E., GROSS M.: Designing inflatable
structures. ACM Transactions on Graphics 33, 4 (2014), 63:1–
63:10.

[TB06] TSIKNIS D., BRIDSON R.: Cloth animation through unbiased
strain limiting and physics-aware subdivision. In Proceedings of
the Symposium on Computer Animation, Poster Session (2006).

[TPS09] THOMASZEWSKI B., PABST S., STRASSER W.: Continuum-
based strain limiting. Computer Graphics Forum 28, 2 (2009),
569–576.

[Wan08] WANG C.: Computing length-preserved free boundary for
quasi-developable mesh segmentation. IEEE Transactions on Vi-
sualization and Computer Graphics 14, 1 (2008), 25–36.

[Wan12] WANG Z.: Isometrically Deforming Cloth with Si-
multaneous Collision Handling. Master’s thesis, Depart-
ment of Computer Science, University of British Columbia,
February 2012.

[Wit01] WITKIN A.: Constrained dynamics. In SIGGRAPH ’01
Course Notes (2001).

[WOR10] WANG H., O’BRIEN J., RAMAMOORTHI R.: Multi-resolution
isotropic strain limiting. ACM Transactions on Graphics 29, 6
(2010), 156:1–156:10.

[WT10] WANG C. C. L., TANG K.: Pattern computation for compres-
sion garment by a physical/geometric approach. Computer-Aided
Design 42, 2 (2010), 78–86.

[Ye08] YE J.: Simulating inextensible cloth using impulses. Com-
puter Graphics Forum 27, 7 (2008), 1901–1907.

[ZW11] ZHANG Y., WANG C. C.: Wirewarping++: Robust and
flexible surface flattening with length control. IEEE Transac-
tions on Automation Science and Engineering 8, 1 (2011), 205–
215.

Supporting Information

Additional Supporting Information may be found in the online ver-
sion of this article at the publisher’s web site:

Video S1

c© 2015 The Authors
Computer Graphics Forum c© 2015 The Eurographics Association and John Wiley & Sons Ltd.




