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a b s t r a c t

In this paper,we present an efficientmethod to eliminate the obtuse triangles for high qual-
ity 2Dmesh generation. Given an initialization (e.g., from Centroidal Voronoi Tessellation—
CVT), a limited number of point insertions and removals are performed to eliminate obtuse
or small angle triangles. A mesh smoothing and optimization step is then applied. These
steps are repeated till a desired good quality mesh is reached. We tested our algorithm
on various 2D polygonal domains and verified that our algorithm always converges after
inserting a few number of new points, and generates high quality triangulation with no
obtuse triangles.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Amesh is a discretization of a geometric domain into small simple elements [1], where in 2D, triangles and quadrilaterals
are most commonly used as the basic units. Since most objects are ultimately converted to meshes for efficient rendering
and numerical solution of partial differential equations, mesh generation becomes one of the essential steps for most of
the geometry processing applications. Furthermore, by mesh generation, sources that are represented as a variety of forms
such as B-rep (Boundary representation), NURBS (Non-Uniform Rational Basis Spline) and point clouds can be processed in
a unified way. In finite element mesh generation, the existence of small and/or large angle(s) badly affects the simulation
results. Although there exists a huge amount ofwork for high-quality 2Dmesh generation, there is still no practical algorithm
for meshing a 2D domain without introducing obtuse triangles, except for a few theoretical approaches in literature.

For numerical stability of simulations, many methods have been proposed to eliminate the triangles with small angles
that usually destroy the numerical conditioning [2–4]. However, obtuse and right triangles are also not preferred in many
applications [5]. To the best of our knowledge, only one paper directly addresses the problem of acute triangulation [6]. This
method iteratively minimizes its energy function (Eq. (1)) to ensure the well-centeredness of the triangulations in arbitrary
dimensions

fn(σ n) = max
vertices v∈σn

⏐⏐⏐⏐h(v − σ n)
R(σ n)

− kn

⏐⏐⏐⏐, (1)

where h(v − σ n) represents the distance between c(σ n) and c(σi
n−1) (the circumcenters of the facets), R(σ n) is the

circumradius of the facet and kn ∈ (0 1] is a constant which might be dependent on dimension n of the n-simplex
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σ n. In order to ensure the well-centeredness of a mesh, the condition h(v − σ n) > 0 must be valid for each vertex
vi ∈ σ n. The experimental results reveal that the maximal angle has minimized well, however there still exist small angles
(i.e. angle < 30◦). Furthermore, the standard deviations of the angles recorded are also higher [6].

Although acute triangulation is not strictly required for some applications, such as covolumemethod [7], Discrete Exterior
Calculus (DEC) [8] and space–time meshing [9], the computations would be much easier if such meshes were available [6].

Typical meshing algorithms do not guarantee acute triangulation. For instance, a Delaunay triangulation may contain
obtuse angles if the given point sets are not well distributed. Even when the powerful Centroidal Voronoi Tessellation (CVT)
optimization is applied, the results might still contain obtuse angles, especially on domain boundaries [10]. Although the
method proposed [6] improves maximal angle, it usually introduces triangles with small angles, which might again destroy
the numerical conditioning.

In this paper, we present a practical method for acute triangulation, while keeping all the triangles well shaped. Given
an initial mesh with well-distributed vertices (e.g., generated by CVT), our method first defines local clusters that contain
obtuse or right angles, and then modifies the local clusters by inserting new points and performing mesh smoothing and
optimization. In addition to our own vertex relocation strategy themesh smoothing is also aimed by CVT [11]. Consecutively,
bad vertices are also removed from mesh to eliminates bad triangles (i.e. triangles with an angle > 90◦ or <30◦). Since the
optimization stepmay again generate non-acute triangles, we iterate the above process until no bad triangles are introduced
any more. In initial (200–300) iterations, we apply these operations globally throughout the mesh, while in later iterations,
operations are applied locally in the neighborhood of bad triangles, leaving good triangles unaffected. Experiments show
that our method does not only guarantee the acute triangulation, but also provides better overall triangle shapes compared
with the state-of-the-art approaches.

In general, we claim the following contributions.

• A novel pipeline for acute triangulation, which at the same time keeps all the triangles well shaped.
• An empirical validation to show that our method can guarantee the acute triangulation.
• A complete comparison with the state-of-the-art methods to show the advantages of our method.

2. Related work

Algorithms for generating high quality mesh can be divided into constructive and iterative approaches. Usually, the
constructive approaches begin with only the input boundaries. Then, the desired triangulation is generated by adding
additional Steiner points inside the region or on the boundary. On the contrary, the iterative approaches begin with an
existing triangulation, where Steiner points are then added/removed/relocated iteratively to generate a high quality mesh.

As for iterative methods, the most intuitive way to improve the mesh quality is smoothing, which relocates the positions
of vertices while keeping their connections. Renka proposed a mesh smoothing method that consists of minimizing the sum
of squared element volumes over the free vertex positions [12], and furthermore, they presented a new angle-basedmethod
to improve themesh quality. Chen developed severalmesh smoothing schemes using Optimal Delaunay Triangulation (ODT)
as a framework [13], which can also be applied in anisotropic case. Smoothing improves the mesh quality dramatically in
a simple way. However, since it does not modify the local connections, if the initial triangulation is not regular enough, the
results will be poor.

More powerful approaches are based on the combination of constructive methods and iterative methods. By modifying
both the connections and positions of the vertices, many proposed approaches can guarantee the minimal and/or maximal
angles in the result triangulation. Based on maximal Poisson disk sampling, Ebeida et al. [14] presented a Conforming
Delaunay Triangulation (CDT) algorithm, which canmake the unconstrained angles in the results between 30◦ and 120◦. The
same angle range can be empirically guaranteed in [15]. Yan and Wonka [16] studied the generation of maximal Poisson-
disk sets with varying radii, and applied the according algorithm to surface remeshing, which empirically makes the triangle
angles between 32◦ and 120◦. Chewpresented an efficient technique based onDelaunay triangulation [17],which guarantees
the angles in the resulting triangles are all between 30◦ and 120◦. Sieger et al. [18] noticed that short edges in the Voronoi
diagrams are harmful for simulation with polygonal meshes. To solve this issue, they proposed an energy function that
minimizes the sum of squared distances from a triangle’s circumcenter to its inscribed center [18]. Tournois et al. [19]
addressed the problem of generating 2D quality triangle meshes from a set of constraints provided as a planar straight line
graph. Their method interleaves Delaunay refinement and optimization, and the practical bounds of the results are usually
between 30◦ and 100◦. Although the above methods avoid too low and/or too high angles empirically or theoretically, the
results usually contain obtuse triangles.

Since non-obtuse triangulation is preferred in many applications, such as covolume method [7], Discrete Exterior
Calculus [8] and space–time meshing [9], some non-obtuse triangulation approaches have been proposed. In 2007, Erten
and Üngör proposed the first module for computing acute triangulation in two dimensional domains [20]. Two years later,
they proposed another method which not only maximizes small angles but also minimizes large angles [21]. Their first
method [20] usually introduces needle-shaped angles. The secondmethod [21], uses a givenminimal angle constraint α and
amaximumangle constraint γ , to compute a triangulation of the domain such that all angles are in [α, γ ]. Experiments show
that α can be as high as 41◦, while γ can be as low as 81◦. However, they cannot guarantee all the inputs are triangulated in
acute angles.
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Ebeida et al. [22] introduced an algorithmic framework for tuning the spatial density of disks in a maximal random
packing. By applying the framework to improving the quality of meshes, they can eliminate the non-obtuse angles in both
uniform and nonuniform cases. A divide-and-conquer approachwas proposed for non-obtuse triangulation of polygons [23].
This method overlay a square grid on the polygon, and partition the polygon to avoid obtuse angles. Tomake the non-obtuse
triangulation more efficient, Bern et al. [24] proposed to apply a recursive subdivision by disks in triangulating n-vertex
polygonal regions (with holes). All the above approaches can empirically avoid the angles larger than 90◦. However, their
results usually contain angles that are equal to 90◦. In addition, they paid little attention to avoid small angles, which might
again destroy the numerical conditioning [18].

Yan and Wonka [10] presented a remeshing algorithm that avoids triangles with small and large angles based on an
extension of CVT. The original formulation is augmented by a penalty term that penalizes short Voronoi edges. However,
theirmethodmight fail when the density function changes dramatically. Vanderzee et al. [6] proposed an iterative algorithm
that seeks to transform a given triangulation into a well-centered one. Their method minimizes a cost function and moves
the interior vertices while keeping the mesh connectivity and boundary vertices fixed. This approach is robust for acute
triangulation, and can be applied to 3D mesh generation easily. However, to the best of our knowledge, it introduces small
angles for some bad connections. On the contrary, our method does not only produce acute triangulation, but also optimizes
the triangles in an efficient way, such that too small angles are also eliminated.

3. Preliminaries & definitions

3.1. Voronoi diagram

For a set P of n distinct points (sites) P = {pi}ni=1 in a plane, a Voronoi diagram is the subdivision of the plane into n cells,
one for each site. A point q lies in the cell corresponding to a site pi ∈ P , if ∥q, pi∥ < ∥q, pj∥, for each pi ∈ P , j ̸= i.

3.2. Delaunay triangulation

The Delaunay Triangulation DT (P) is a triangulation for a set of points P such that none of the points in P lies inside
the circum-circle of any triangle in DT (P). Delaunay triangulations maximize the minimum angle of all the triangles in the
triangulation. Note that Delaunay triangulation is dual to the Voronoi diagram.

3.3. Centroidal Voronoi tessellation

Centroidal Voronoi tessellation (CVT) of n distinct points (seeds) X = {xi}ni=1 in R3 is a special type of Voronoi diagrams
that minimizes the following energy function:

FCVT (X) =
n∑

i=1

∫
Ω

ρ(x)∥x− xi∥2dσ , (2)

where Ωi = {x ∈ R3
| ∥x − xi∥ ≤ ∥x − xj∥,∀j ̸= i} is the Voronoi cell of point xi, and ρ(x) ≥ 0 is a density function defined

over the domain [25].

4. Our method

Wepropose a simple yet novelmethod to remove obtuse triangles from a 2Dmesh in the context of iterative optimization
based 2Dmeshing framework. The pipeline of our algorithm is shown in Fig. 1. Given an initial 2Dmesh, e.g., the result of CVT,
we first identify local clusters in the neighborhood for each bad triangle (i.e., obtuse triangle). A local cluster is composed of
three triangles, including the bad triangle, its first neighbor and second neighbor (Section 4.2). Next, we construct a feasible
polygon inside each cluster (Section 4.3). Then we insert a new point in each feasible polygon at a feasible position, i.e., the
position that creates no bad triangle (Section 4.4). This point insertion may create irregularity in mesh structure. To regain
its regularity, an optimal vertex relocation strategy is applied for mesh smoothing and optimization. In addition, CVT [11] is
also applied to speed up the convergence. The smoothing and optimization may again generate obtuse triangles. Hence, the
overall process is repeated till a high quality mesh with no bad triangle is achieved. In the following, we will explain each
step in detail.

4.1. CVT initialization

To the best of our knowledge, CVT is the optimal choice for initial triangulation. A number of existing approaches (such
as [13,16,18,26,27]) have either used CVT as initializations or worked to improve it. We use CVT [11] for initialization since
it has comparatively fast convergence rate and generates good results. Normally, 40–60 CVT iterations are executed for
initialization. The stopping criterion we used for initialization is p < 6%, where p represents the ratio of bad triangles to
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(a) (b) (c) (d)

Fig. 1. Key steps for points insertion: (a) Local cluster identifications: In a cluster, green color shows the bad triangle, blue colored triangle is its first
neighbors and the orange one is its second neighbor; (b) Drawing circles for the specification of the feasible polygons; (c) Yellow color polygons that
are among the innermost intersections of the circum-circles form the Feasible Polygons; (d) After inserting new points, most bad triangles are removed,
whereas the bad structure highlighted by red circles may cause further bad triangles. We solve this problem by further iterations. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

the total number of triangles. Initially, 40 iterations are executed and if the stopping criterion is achieved, initialization is
stopped otherwise the process is continued with 10 more iterations till it reaches the desired condition.

4.2. Local clusters selection

The local cluster is composed of three triangles including the bad triangle, its neighbor on longest edge and the neighbor
of its neighbor. In the neighbor selection, preference is given to the neighbor on the longest edge of a triangle. If the neighbor
on the longest edge is infinite (i.e. longest edge lies on boundary) or already in the cluster, then we select the neighbor on
another edge. If two bad triangles lie in the same cluster, the cluster will be treated as one cluster. Therefore, the number
of clusters is less than or equal to the total number of bad triangles in a mesh. Neighbor selection on longest edge leads to
a regular or close-to-regular pentagon, which is more friendly to point insertion (see Fig. 4). Fig. 1(a) highlights the local
clusters in a mesh, where in each cluster, the green colored triangle is bad triangle, while blue and orange colored triangles
are its first and second neighbors, respectively. Naturally, the obtuse triangle and its neighbor triangle (on the longest
side) form a quadrilateral. Further adding another triangle (its neighbor on the longest edge) makes the cluster a pentagon.
Similarly, adding the fourth triangle creates a hexagon. However, it is difficult to find regular or close-to-regular hexagons
and quads (see Fig. 2). Therefore, using Pentagon is a good way to make the convergence faster, while not generating too
many new obtuse triangles. A simple experiment has been conducted as described in Section 5, which shows the validity of
the pentagonal clusters (see Fig. 8).

4.3. Feasible polygon construction

Most of the local clusters are in the shape of a regular pentagon with five boundary edges. In order to reach a fix valid
position for new point insertion, we calculate the circles with each of these boundary edges as diameter (see Fig. 1(b)). Then,
the intersection points among the circles are computed. The inner most intersection points that create the smallest polygon
are selected, while the outer intersections aswell as those overlapped by side intersecting circles are skipped. In thismanner,
the innermost empty region among the desired circles is specified. This empty region is called Feasible Polygon (see the red
polygon inside each cluster in Figs. 1(c) and 3).

We gain five line segments after inserting a point with five angles around it, as shown in Fig. 3 (right). We know that, an
angle in a triangle is obtuse iff its median is less than the half of the length of the opposite side. The circle drawn around
the boundary edges of the cluster (Fig. 3) prohibits point insertion inside it, which ensures that the median drawn from the
newly inserted point must be greater than half of the opposite side; so the five angles at around the newly inserted point
will be non-obtuse.

4.4. Point calculation and insertion

A random point P inside the feasible polygon is generated. Point P will be valid iff it does not lie inside any circle. Hence,
the point generation process continues till we reach a valid point position. In a special case, if there is no empty space, the
point generation is skipped. The next step is to insert all the generated points in the local clusters (see Fig. 1(d)). By inserting
new points, most bad triangles are removed (see Fig. 3).
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(a) (b)

Fig. 2. Examples of invalid clusters. (a) A quadrilateral composed of two triangles. (b) A hexagon composed of four triangles.

Fig. 3. Obtuse triangle removal through point insertion. The green color represents obtuse triangle while the blue and orange colored triangles are its
neighbors in a local cluster. The yellow polygon is the feasible region. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

4.5. Mesh smoothing and optimization

For a regular pentagon structure of the cluster, the point insertionmakes no irregularity (see Fig. 4); however in irregular
case somenewly created anglesmight be smaller than 300. Furthermore, the rest of the angles (at boundary of the cluster) are
not necessarily acute. To handle this irregularity caused by newpoint insertion,we apply vertex relocations. Here each vertex
vi is relocated to its new position vf if E(vi) > E(vf ). For energy function E(v), we used Optimized Voronoi Diagram—OVD
[18] as defined in Eq. (3).

E(vt ) =
1
2

∑
t∈T

Rt (Rt − 2rt ), (3)

where vt is the vertex to be relocated, T is the set of triangles adjacent to vertex vt , Rt is circum-radius and rt is the in-radius
of triangle t ∈ T . Here d2 = Rt (Rt − 2rt ) is the Euler’s triangle formula for computing the squared distance between the
circum-center and in-center of triangle t . With the regularization of a triangle this distance (d2) decreases, and reaches 0 for
an equilateral triangle. Unlike OVD, which shifts each vertex in its negative gradient direction, we used a multidirectional
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Fig. 4. Point insertion in a local cluster which has a regular pentagon structure. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 5. Points removal. The colored regions represent bad triangles and their neighborhoods. Left: Before points removal; Right: After points removal. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

method to calculate the new position vf for vertex relocation. We calculate a small value ∆m = 0.05 · eshort , where eshort
represents the shortest adjacent edge of vi. In first step, we move vi in different directions (left, right, up, bottom) at a
distance∆m to find the optimal direction. In second step, we continuously move the vertex in the optimal direction to reach
its optimal position using Eq. (4).

vf ← vi ⊕ s ·∆m (4)

where s = {8, 4, 2, . . . ϵ} represents step size and the symbol⊕moves vertex vi at distance s ·∆m in the optimal direction.
In addition to this vertex relocation we also apply CVT for further mesh smoothing. This smoothing and optimization may
again create bad triangles, so the whole process is repeated till we reach a regular mesh without bad triangles. Initially, we
apply mesh smoothing globally throughout the mesh, while in later iterations we apply it only in selected regions of the
mesh for efficiency (Section 4.7).

4.6. Points removal

Mesh smoothing with insertion of additional points is not a good idea as it increases the number of vertices. This issue is
controlled with removal of the bad vertices. The process of points removal not only controls the number of points but also
leads to a quicker convergence. In our algorithm, we have two types of point removals. A boundary vertex having an obtuse
angle adjacent to it is removed. Similarly, non-boundary bad vertices with small angles (<30◦) are also removed (See Fig.
5). However the obtuse angles neighboring non-boundary bad vertices are treated with point insertion.

A queue is used for counting the number of points insertions and removals which helps to control the total number of
points in the mesh. In the first time insertions we allow limited insertions (i.e. ≤5% of the total number of points), while in
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Fig. 6. Vertices classification. Left: Triangles with green color are bad (level 0)/level one triangles; whereas the red, blue and white colors represent level
two, level three and good triangles respectively. Right: The central green colored vertex is a bad vertex, whose neighbors (red colors) are level one vertices.
The level two vertices are with blue colors and the rest are good vertices with white colors. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

later iterationswe try to have equal or near to equal number of insertions and deletions. For example if there is an increase of
50 points in the total number of points (indicated by queue used), we are allowed to have a maximum of 50 points removal.
In this way our method generates a good mesh with the same number of points or only with a small change (3% points
increase/decrease).

4.7. Local smoothing and vertices classification

Global smoothing and optimization sometimes creates new bad triangle in the smoothed regions of the mesh, which
needs further point insertion/removal process. This process slows down the convergence and sometimes even starves the
convergence. To solve this problem, we fix the smoothed regions of the mesh and apply mesh smoothing locally in the
neighborhood of bad triangles. More specifically, we classify vertices in the triangulation vertices set T = {Vi}

n
i=1 into the

following four classes.

1. Bad vertices. A vertex Vj ∈ T is identified as bad if there exists a finite triangle △ViVjVk in T such that ̸ ViVjVk < 30◦
{Minimal angle threshold} or ̸ ViVjVk > 90◦ {Maximal angle threshold}. Here we labeled△ViVjVk as bad triangle.

2. Level one vertices. A vertex which is directly connected with a bad vertex via a single edge is called level one vertex.
3. Level two vertices. A vertex which is directly connected with a level one vertex via a single edge is called level two

vertex.
4. Good vertices. Vertices having neither bad vertices nor level one vertices in their 1-ring neighborhood are flagged as

good vertices. In other words, a vertex which is neither bad, nor level one nor level two vertex is called good vertex.

Similarly, from inside to outside, the triangles lying in the one-ring neighbors of a bad vertex are called level one triangles.
The bad triangle (level 0) itself also lies in the first ring. The triangles adjacent to level one triangles are called level two
triangles, and the ones adjacent to level two triangles are called level three triangles. The rest are called good triangles.
In Fig. 6, the green, red, blue and white colors represent level one, level two, level three and good triangles respectively.
Furthermore, the obtuse triangles are colored with light green, and the triangles with smaller angles (< 30◦) or level one
triangles are colored with dark green.

The purpose of our classification is to apply mesh smoothing and optimization only on bad vertices and their neighbors,
while leaving the good vertices unchanged. The process of local smoothing is shown in Fig. 7, where the operations are
applied only on colored regions, leaving the white regions (good vertices) fixed. Here the colored regions are decreasing
with iterations until we reach a good mesh without any bad triangle.

5. Experimental results

In order to validate the proposed method, we implemented a prototype system, in which the CGAL [28] library is used
for 2D CVT triangulation. We performed the experiments using Intel Core i7 3.60 GHz with 16 GB RAM on a 64-bit Windows
7 operating system.

Optimal structured clusters.We conducted a simple experiment for the validity of the cluster’s structure before starting
the detailed experimental study. Here a square meshwith 600 vertices was used as inputmesh. The inputmesh had 9 obtuse
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Fig. 7. Local smoothing. From left to right: Input mesh, vertices classification, intermediate results, Output mesh.

(a) Quadrilateral clusters. (b) Pentagonal clusters. (c) Hexagonal clusters.

Fig. 8. Comparing the results of different structured clusters. In each pair the left subfigure shows input mesh with 9 obtuse triangles; whereas the right
side is the output mesh after point insertion. The green color represents the obtuse triangles. (a) Point insertion in quad clustering (12 obtuse triangles).
(b) Point insertion with pentagonal clusters (0 obtuse triangles) and (c) Point insertion with hexagonal clusters (13 obtuse triangles). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

angled triangles.Wedefined clusters (and inserted points inside clusters) in three different structures including quadrilateral
(Fig. 8(a)), pentagonal (Fig. 8(b)) andhexagonal (Fig. 8(c)) structures, respectively. The clusters designs and the corresponding
results after point insertions are shown in Fig. 8, which shows that pentagonal structure is more suitable for clustering.
Statistical parameters.Wemeasured themeshing quality in terms of Qmin and Qavg. which are respectively theminimal and
average quality of triangle(s). For a triangle t , the quality is calculated as: Q (t) = 6

√
3

At
ptht

, where At is the area of triangle t ,
pt is its half-perimeter and ht is the length of its longest edge [29].

Similarly, θmin and θmax are the minimum and maximum angles in the mesh, respectively, while θmin represents the
average value of the minimum angles in each triangle. In addition, we calculated the percentage ratio of the small angle
triangles (<30◦), obtuse angles (>90◦), and aggregated the two ratios in p. The total number of obtuse angles n and the
standard deviation σ , were also recorded.

We analyzed the meshing quality in uniform as well as adaptive density. For comparison, we implemented some typical
methods for 2D mesh generation and optimization, including CDT [17], CVT [11], OVD [18] and ODT [13]. Since CDT is non-
iterative in nature, we executed only once; For othermethods we executedwith the same ormore number of iterations than
our method. Our input meshes are initialized using CVT [11] with 50 iterations.

Comparison. The generatedmeshes with uniform density are shown in Figs. 9–11, and themeshes with adaptive density
are shown in Figs. 12–14. The statistical results for uniform density are given in Table 1, for adaptive density are given in
Table 2 and the average values are given in Table 3.

Fig. 15(a) plots the minimum/maximum angles and the mean of the minimum angles in each experiment. Smaller value
for θmax and larger value for θmin indicate better results, which are achieved in our method. Though the results generated by
ODT are also not very bad, our proposed method has a significant improvement. The numerical values indicating the quality
of triangles (i.e. Qavg. and Qmin) are plotted in Fig. 15(b). Our results show a significant improvement in both the uniform
and adaptive density cases. Furthermore, the percentage of the bad triangles (i.e. >90◦ or <30◦) is also important, which is
plotted in Fig. 15(c). We observed zero or negligible values. Similarly, the time taken during all iterations in each experiment
was counted. The average values of the time have been charted in Fig. 15(d), which shows that our method has a relatively
fast convergence rate. The time for CDT is negligible being a single time execution.

Time analysis. For each method, different mesh structures (mesh boundaries and number of vertices) take different
processing time for convergence. Here the processing time for each method in all experiments was plotted in an ascending
order. The resultant plots have been shown in Fig. 16, which shows the fast convergence of our method.
Analysis of meshing quality. The numerical values of meshing quality also vary with different mesh structures. The
minimum meshing quality (Qmin.) and average meshing quality (Qavg.) have been plotted in their ascending orders in Fig.
17. Analyzing Fig. 17, yields that our method has a considerable improvement over the state-of-the-art method in both
parameters ( i.e. Qmin. as well as in Qavg.).
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(a) (b) (c)

(d) (e) (f)

Fig. 9. Hand mesh with 600 points in uniform density. (a) CDT, 229 bad triangles; (b) CVT (1000 iterations), 10 bad triangles; (c) OVD (500 iterations), 17
bad triangles; (d) ODT (500 iterations), 10 bad triangles; (e) Input mesh (CVT initialization, 50 iterations), 43 bad triangles; (f) Our method (450 iterations),
0 bad triangles.

(a) (b) (c)

(d) (e) (f)

Fig. 10. Cat mesh with 1500 points in uniform density. (a) CDT, 395 bad triangles; (b) CVT (1000 iterations), 11 bad triangles; (c) OVD (1000 iterations), 51
bad triangles; (d) ODT (1000 iterations), 1 bad triangle; (e) Input mesh (CVT initialization, 50 iterations), 73 bad triangles; (f) Our method (800 iterations),
0 bad triangles.

Further Comparisons. In addition, we compared our results with the well-centered triangulation method [6] (see Fig.
18). By comparing the two histograms and values of the statistical parameters, including the standard deviation of θmax and
θmin, we notice that our method has more concentrated angles near 60◦ and has smaller deviation. Moreover, our approach
generates more uniformly distributed mesh vertices, thanks to the nature of CVT optimization.
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(a) (b) (c)

(d) (e) (f)

Fig. 11. Dolphin mesh with 1000 points in uniform density. (a) CDT, 269 bad triangles; (b) CVT (1000 iterations), 5 bad triangles; (c) OVD (500 iterations),
38 bad triangles; (d) ODT (500 iterations), 5 bad triangles; (e) Inputmesh (CVT initialization, 50 iterations), 65 bad triangles; (f) Ourmethod (210 iterations),
0 bad triangles.

(a) (b) (c)

(d) (e) (f)

Fig. 12. Star mesh with 1732 points in adaptive density. (a) CDT, 516 bad triangles; (b) CVT (1000 iterations), 41 bad triangles; (c) OVD (1000 iterations), 62
bad triangles; (d) ODT (1000 iterations), 24 bad triangles; (e) Inputmesh (CVT initialization, 50 iterations), 82 bad triangles; (f) Ourmethod (840 iterations),
0 bad triangles.
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(a) (b) (c)

(d) (e) (f)

Fig. 13. Elephant mesh with 1500 points in adaptive density. (a) CDT, 428 bad triangles; (b) CVT (1500 iterations), 120 bad triangles; (c) OVD(1200
iterations), 139 bad triangles; (d) ODT (1200 iterations), 108 bad triangles; (e) Input mesh (CVT initialization, 50 iterations), 135 bad triangles; (f) Our
method (1170 iterations), 0 bad triangles.

(a) (b) (c)

(d) (e) (f)

Fig. 14. Bat mesh with 564 points in adaptive density. (a) CDT, 183 bad triangles; (b) CVT (1000 iterations), 44 bad triangles; (c) OVD (600 iterations), 40
bad triangles; (d) ODT (600 iterations), 40 bad triangles (e) Input mesh (CVT initialization, 60 iterations), 73 bad triangles; (f) Our method (250 iterations),0
bad triangles.
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(a) (b) (c) (d)

Fig. 15. Statistical analysis of our results with some existing methods. (a)Average of values of θmin , θmin and θmax . Our results show relatively high values in
minimum angles and smaller values in themaximum angles, which is themain objective of the study. (b)Comparison of the numerical values indicating the
quality of triangles. Our results are better in both Qmin and Qavg . (c)The percentage of the bad triangles (i.e. >90◦ or <30◦) to the total number of triangles;
again we found zero (or negligible) values for this ratio in our method. (d)Comparison of the time taken in all iterations. The chart shows the average values
of time in all experiments. CDT is executed with only one iteration in each experiment so its time is negligible.

Table 1
Statistics of the meshing quality (uniform density).

Method #v Iterations Qmin Qavg θmin θmin θmax θ < 30◦ θ > 90◦ Time (s)

Hands

CDT 600 01 0.39 0.75 30.1 40.5 119.0 0.0% 26.38% 01
CVT 600 1000 0.64 0.91 36.3 52.8 97.6 0.0% 0.98% 2207
OVD 600 500 0.66 0.88 32.8 50.7 96.0 0.0% 1.67% 1721
ODT 600 500 0.60 0.92 35.6 53.1 103.1 0.0% 0.98% 355
OUR 603 450 0.72 0.93 36.4 53.5 89.0 0.0% 0.0% 305

Cat

CDT 1500 01 0.49 0.81 33.2 52.2 112.4 0.0% 14.23% 01
CVT 1500 1000 0.64 0.93 35.7 54.3 97.6 0.0% 0.40% 1810
OVD 1500 1000 0.62 0.89 36.4 51.7 101.1 0.0% 1.84% 2914
ODT 1500 1000 0.70 0.94 37.0 54.9 91.3 0.0% 0.03% 320
OUR 1522 800 0.73 0.94 38.4 54.5 88.7 0.0% 0.0% 242

Dolphin

CDT 1000 01 0.48 0.80 31.7 49.3 113.5 0.0% 14.83% 01
CVT 1000 1000 0.67 0.93 41.4 54.5 94.7 0.0% 0.27% 530
OVD 1000 500 0.63 0.89 33.6 51.60 98.5 0.0% 2.08% 796
ODT 1000 500 0.69 0.94 36.9 55.0 91.6 0.0% 0.27% 252
OUR 1010 210 0.72 0.94 38.9 54.6 88.8 0.0% 0.0% 101

Table 2
Statistics of the meshing quality (adaptive density).

Method #v Iterations Qmin Qavg θmin θmin θmax θ < 30◦ θ > 90◦ Time (s)

Star

CDT 1732 01 0.50 0.82 30.5 51.9 117.7 0.0% 16.3% 01
CVT 1732 1000 0.57 0.92 32.2 53.44 106.1 0.0% 1.0% 233
OVD 1732 1000 0.60 0.89 29.2 51.18 100.25 0.0% 2.0% 241
ODT 1732 1000 0.58 0.92 29.8 52.7 104.8 0.0% 0.1% 190
OUR 1771 840 0.72 0.92 36.1 53.6 88.9 0.0% 0.0% 185

Elephant

CDT 1500 01 0.45 0.79 32.2 51.8 119.3 0.0% 16.24% 01
CVT 1500 1500 0.51 0.89 27.0 51.0 114.0 0.08% 4.67% 6762
OVD 1500 1200 0.51 0.88 22.7 49.78 112.7 0.22% 5.19% 9342
ODT 1500 1200 0.49 0.89 22.97 51.0 110.0 0.61% 4.18% 1073
OUR 1541 1170 0.64 0.90 30.3 51.6 89.7 0.0% 0.0% 694

Bat

CDT 564 01 0.47 0.78 30.0 46.0 119.2 0.0% 19.89% 01
CVT 564 1000 0.53 0.88 31.3 50.1 111.9 0.0% 5.41% 1203
OVD 564 600 0.52 0.87 28.3 49.7 112.8 0.24% 4.84% 984
ODT 564 600 0.54 0.88 30.6 50.4 109.9 0.0% 4.32% 245
OUR 578 250 0.64 0.89 30.1 50.4 89.3 0.0% 0.0% 126

6. Conclusion and future work

We proposed a novel method of obtuse angle removal for high quality 2d mesh generation. The combination of point
insertion, points removal, as well as the mesh smoothing and optimization in global as well as local fashion leads to a
considerable high quality triangulation. Our algorithm can eliminate obtuse triangles efficiently in an iterative optimization
meshing framework, which can be used as a post-processing step for CVT or ODT mesh smoothing framework. Since our
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Table 3
Average values for statistics of the meshing quality (both uniform and adaptive density).

Method #v Iterations Qmin Qavg θmin θmin θmax θ < 30◦ θ > 90◦ Time (s)

CDT 1149 01 0.45 0.79 31.3 48.6 116.8 0.0% 17.9% 01
CVT 1149 1083 0.59 0.91 34.0 52.7 103.6 0.01% 2.1% 1224
OVD 1149 800 0.59 0.88 30.5 50.8 103.5 0.07% 2.9% 2666
ODT 1149 800 0.60 0.91 32.1 52.8 101.8 0.10% 1.6% 405
OUR 1078 711 0.69 0.92 35.0 53.0 89.0 0.0% 0.0% 275

Fig. 16. Time analysis. Left: Comparison with CVT and OVD. Right: Comparison with ODT.

Fig. 17. Meshing quality analysis. Left: Comparison w.r.t. Qmin. . Right: Comparison w.r.t. Qavg. .

method does not only produce acute triangulation, but also generate the well-shaped triangles in an efficient and effective
way, it will be preferred inmany applications such as covolumemethod, Discrete Exterior Calculus and space–timemeshing.
Though we found our results with a satisfied mesh quality, our current work still has two main limitations. First of all,
the proposed method is dependent on CVT. Secondly, though we had somehow controlled this issue, we cannot preserve
the exact number of vertices in our current implementation, as we cannot guarantee the equal number of insertions and
deletions. We plan to address these limitations in the future work. Furthermore, we are planing to extend our method to
higher dimensions including surface and volumetric meshing.
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Fig. 18. Desk mesh. Left: results of well-centered triangulation method [6]. Right: results of our method.
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